COMPLEX WELGHING MATRICES AND ORTHOGONAL DESIGNS,

Jennifer Seberry and Albert Leon Whiteman

Abstract

Galois fields Gf(qz) are used to ¢btain a new infinite family
of complex weighing matrices CH(g+l,q), q =1 (mod 8), and type

R -5
Sx — R¥
where R and 5 are symmetric complex circulants.

These matrices are used to construct orthogonal designs. Some
unsolved cases of Geramita and Geramita are also settled.

1. Imitroduction.

An orthogonal design of order n  and type (sl,...,su) on the

commuting variables X ceea Xy is an o matrix X with entries chosen

l!

from the ser {0,+x ..,jxu} such that

1

x = (
i

nmo

six?)ln.
1 i
Such generically orthogenal matrices have played z significant role in the
construction of Hadamard matrices (see eg. the book [5]) and they have already
been extensively used in the study of weighing matrices W(n,k) = W which
have entries 0,1,-1 and satisfy
WWT = kI .
n
These have been studied extensively [1,2,5,8,9,12,13] and one of us
{(Seberry) has conjectured [13] that for n X 0 {(mod 4) there is a weighing
matrix of erder n and weight k for every k £ m.
i Later the notion of a complex Hadamard matrix, i.e., an nxn matrix
C whose entries are chosen from {+1,1i} and satisfying CC* = nIn

(* = complex conjugate) were studied in prder ro obtain new Hadamard

ARS COMBINATORIA, Vol. § (1980}, pp. 149-162.



matrices (see [11, p. 347-3531}.
Recently the study of complex orthogonal designs (codl of order n

and type (sl,...,su) (si positiyve integers) which is an nxn matriz X

with entries chosen from {O’ilxl"

1l and X sevesX,  aTE real variables, satisfying

..,iﬁxn}, where 1 is a fourth root of

3

u 2
X*k = (I 5,301
j-l -3 j n

was commenced in [4].

We note that if {il,...,iu} = {+1} we have an orthogonal design as

{+1,+i] 1% = -1y

u
previously defined. If I s, = n and {il,...,iu}
i=1

we have a complex Hadamard matrix but if {il,...,iu} {+1} we have a

Hadamard matrix.
u
If I s, = k, k £ n we have a complexr weighing matrix CW{n,k} or
j=1

wveighing matrix according as {i ,iu} = {41,+i} or {+1)}. Complex

1t
weighing matrices have been studied with great interest lately [2,20]
because of their comnection with combilnatorial designs. The neotation
Cw(n,k,z&

group z, and distinguish it from CW(n,k,fzxfz).

) is sometimes used to denote the elements are from the cyclic

2. 4 Preliminary Lemma.

Let GF(qz) dencte a finite field of q2 elements where g = pr is
an odd prime power. Let T denote a generator of the cyclic group of non-

g = (T2

- 2 .
zero elements of GF(QZ). Put and g=7Y . Then g is a

generator of the cyclic group of non-zero elements of & finite field GF(q)

of order gq. It follows that Tq = -y. We also have

GF(qz) = {ay+b;a,beGF(q) }.
2
For arbitrary EeGF{(g ) defime

treg) = &+ &% )
so that tr(£)eGF{g). It follows at once from this definition that

ety = T(q+l)Ktr(T_K), 2)
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for any integer k. For EcGF(qz}, E # 0, let ind(Z) be the least non~
negative integer t such that 5= %. Ler B denote g primitive eighth
root of unity. Then

X

defines an eighth power character y of GF(qz). For aeGF{q), a # 0, put
qj = a. Then (3} implies that x{a) = s('Q+l)j.

Suppose henceforth that g = 1 (wod 8) so that y{a) = ij This
means that the restriction of ¥ to GF{(g) reduces the characrer x{a)
to a fourth power character over GF{g). Thus y{a) = 1,-1,1 or =-i

according as j ¥ 0,2,1 or 3 (mod 4). Accordingly we deduce from (2) that

xer{tO%ex (z 7y = 1F (er () £ 03, (%)

where ;(E) is the complex comjugate of x(E).
It will later be convenient to introduce & = Tq*l, an element of

GF(qz} of multiplicative order g+l. Since tr(rK) = -rK(BK-t-l} we have
xee(r ) = 85x(e"+1). (5)

The proof of Theorem 1 in the next section iz based upon the following
lemma. )
LEMMA 1. If r is a non-negative integer, then
9 (-1)7q (q+1fx),

I ytr (TK);tr (1K+r) = {6}
k=0 0 (q+lf1),

where, in the first case, r = j{gqil).

Proof. For fixed neGF(qz) put n = cytd, c,deGF{q). Then neGF(q) if
¢ =0 and n§CF{g)} if ¢ # Q. We first show that

- x{8)q(q-1) (e = 0),
L yrr{&)yer(ni) = &)
£ 0 {c ¢ 0},
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where the summation extends oyer all EeGF qu). Put E = aytb,a,beGF{(q}.
By {1) we have tr(f) = 2b and tr{(nf} = 2(gactbd). Therefore

L ytr{EYxtr(ng) = Ix(b}Ix(gacthd),
I3 b

and {7) follows at once.
< <
For n# 0 we may put n = II, 0=1-= q2—2, so that ¢ =0 if
q+l|r and ¢ # 0 if q+l!r. If ¢=0 put r = jlg+l} then we get

x(d) = 17, The sum in (7) now becomes

2

q -2 _ 9-2 h(q+l)+q -
I xtr(TK)xtr(rK+r) = I b xtr(TK)xtr(TK+r).
k=0 h=0 k=h{g+1)

In view of {7), the double sum on the right has the value 0 if g+ifr.
kt+g+
Since ytr(t 4 l) = iXtI(TK), the value of the inner sum is the same for

each h. 1In particular, for h = 0 we obtain the result stated in the lemma.

3,  The main thecrem.
The idea of associating with a circulant matrix A of order n the
polynomial

= n-1
vy = agtapd . ta o,

where the coefficients comprise the top row of A and ¢

ByrByr--afn
is an nth root of unity has been exploited by Williamson [d4]. One may
also associate with ¢(C) a finite Parseval relation. If the coefficients

of ¢(f)} are complex numbers, this relation is given for fixed T by

n-1 1 n-1 IR
.2 aiai+r 3 .E E¢(C )1 [N (&)
i=0 j=0

where ai+r igs the conjupate of aiﬁx and [ = exp(anfn}.

We. shall employ the finite Parseval relation to prove the following

theorem.



THEOREM 1. Let q be a prime power = l(med 8) and put n = (gt1}/2.
e 2 ‘

Let 1 be & primitipe element of GF{g"). Put Tk = aytb,a,beGF(q),

and define

a = x{al), b, = x{b). (9)
Then the sums
n—-1 5 n-1 .i
F@ = E oagt,  8E = I byt (10)
i=0 i=0

satisfy the identity
e 1P + g ? = q @y

for each nth root of unify ineluding ¢ = 1.

Note that (with the exception of a < 0) the coefficients a

, 0 8i°°81

are +1, +i. When q 4is a prime = 1 {mod 8) and [ = 1, the identity an
reduces to the classical result that every prime 5 1 (mod 8) is representabla
in the form c2+2d2 with integral values of ¢ and d&. This is true for
the following reason. In the proof of the corollary of Theorem 1 we show

that £{1} veduces + d(I+i}. Moreover, g{1)} 1s actually real and reduoces

te ¢ with c = 1 (mod 4). Consequently [f(1)|2+|g(1)}? = % = 2d% = .

Proof of Theorem 1. Since 1T is a primitive element of GF(qz) the
integer k = {q+1)/2 = n is the only wvalue of k in the interval O Zg = q

for which tr(rk) = 0. Since 1 = vy, the pumbers a ,b, in (9) satisfy

k’ 'k
the periodicity relatien
= 4J = i3
244240 Faps Pra2in by
(12)
= 3 P b
pr(2i+l)n - T oy Prrcag+ya T Y %S

From (4) we deduce the second of the two relations

_ sk o
R PR I b = LLkhan-k‘

The first relation follows from the second vpon replacing k by kin
and then applying the last relation in (12}. For k = 8r we get in

particular
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b

ag. = aa(n_r), 8r = hacn_r) o =0,1,...,n-1) . {13}

let us now apply thae finite Farseval relarion (8) to the twe sums in
(10). We obtain

n-1 - — p 3uq2 30120 5r
Lo Calererisueer’ © E'jio D P+e D7, a4

where [ = exp (2ni/m).

mn
ik

Ler B8i s {(mod gtl}, & even, 0 z s < g+l, and Bi#4n t {mod g+l},
t odd, 1 2 t < g+tl. As I 7uns over the integers from © to =n-1, the
numbers s rTun over the even integers from 0 to g-1 1Iin some order,

and the numbers t run over the odd integers frem 1 to g in some order.
Making use of the third relation in (12} we find that the sum in the lefr

member of (14) reduces to

n-1 n-1

PoiPgisgr ¥ I B

I . b,.
10 i=0 8i+tn 8itm+ir

(15
n-1 n-1 g

- - b
PosPojeer ¥ ji

b,
Bos1P25e148r k=0 K NFET

by
§=0 0

We next employ Lemma 1. We demote the sum in (6) by F(r). The sum in the
last member of (15} is equal to ¥F({8r}. Combining (14} and (15) we get

1 . : .
Fen =2z (reh P B (6).
3=0

The inverted form of (16) is

. R n-1 s
reh 2 v deehH® = & FEr™ G =0,1,...,0-1) AN
=0 .

The assumption q = 1 (mod 8) implies that r = 0 is the only value of r

in the sumation range O = r =n-1 for which. 8r is divisible by q+l.

. Therefore Lemma 1 yields
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q q {r=0)

F(8r) = I b b = (18}
k=0 SKFET O} g g 202 aa).

It follows from (18) that the right member of (17) reduces to g. This
completes the proof of Thecrem 1.

When £ = 1 the sums £(;} and g() in Theorem 1 may be evaluated
separately.

COROLLARY 1. In the case [ = 1 the tdeniity (11) reduces to the identity

q = c2+2d2 where ¢ and d are integers.

Proof. There does not appear to be any straightforward way to derive the

. . . -1 .
corellary from the theorem. It is convenelent to put & = 9 as in (5).

We begin by expressing the sum
N x
Lixy = I x(g+1)
k=0
in terms of £{1) and g(l). We have
n-1 n-1

L{y) = I x(82j+1} + L (8
=0 =0

25+1 5

n-1 -1
e WL ST
k=0 K=0

k+n _ -n+2
+1} = x(2)8 g -

Since 2 is the square of an element in GF(q) the value of x(2) is

From (5) we cbtain x(&8k+l) = x(Z)bak and X(EB

+1. The value of x(88k+l) is an even power of 8, and the value of
x(98k+n+l) is an odd power of f. Since n =1 or 5(med 8) according
as q =1 or q{mod 16} we dedvce

CL{xy = x(2){g() £+ gL}, (19}

where the ambiguous sign is plus if g = 1 (wod 168) and minus £f g = 9
{mod 16}).

We next transform L{y) into the Eisenstein sum
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E(x) = Iy(l4by),
4]

where b runs over the elements of GF{qg).

We follow the method of P.A. Leonard and K.S5. Williams [7; p. 3061.
For beGF{q) the elements {1-byl/{l+tby} are distinct and different from
~1, as  ((2-by)/Qaby))? = (Q4by)/(l-by), each of them sarisfies y3'l =1,
and so these q elements of .GF(qz) are simply 8k, 132 q+l,

k # {g+l)/2. Therefore

k .3 oty 2 :
{6741 | 1=k = qtl, k # 7 = {1+b¥ | BbeGF(q)},
s0 that
g+l K g+l K 2 _
I x(8+1l) = E "y(e+1) = Xx(f_;g—) = x{2)Tx (1+by)
k=1 k=1 b ¥ b

where the dash (') over the second sum indicates that the value k = (g+l1}/2

is excluded. We have thus established

Lx) = x@EQ, (20)

where _X- is the character conjugate to -

Comparing (19) and (20} we obtain
E(x) = g(1) + BE(1). (21)

By employing the theory of Jacobi sums Bruce C. Berndt and Ronald J.
Evans [3; Chapter 4] have evaliated E(y) for q en odd prime power. The

following lemma is part of the Theorem 4,1.

LEMMA 2. Let q = 1 {mod B), and let x le a character of GF(qz) of order
8. Then

E(x) = ¢ + d/-2 (22)

. 2.2
where c© emd d are integers such that c+2d” =q end ¢ = 1 {(mod 4).

Finally we compare (21} and (22). 5Since I is a2 character on GF(qz)
of order 8 we have E(x) = E(x). Furthermere, B+53 o B({1+i) = /-2. Since
the terms of £(1) and g{l) are even powers of B it follows that g(l) = ¢
and f£(1)} = + d(1+i). This completes the proof of the corollary.-
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4. Applicatioms.

Theorem 1 yields the following analogue of a valuable result of
Goethals and Seidel [6 or 11, Theorem 3.181].

THEOREM 2. Let q = 1 (mod B) be a prime power. Then there eriets a square
matriz P of order qtl with diaggonal elements 0 and qll other elements
+1, 41 such that

XS
and P = (23)
Sk - R

* =
FP qu+l

where R and S5 are symmetric circulants. This 15 a CW(q+1,q,zA).

FProof. The matrices R and § in Theorem 2 are obtained from the poly-
nomials f{f} and g(¢} din Theorem 1. The elements in the top Tow of the
citrculant R are the consecutive coefficients a, 8""'38(nﬁl) of £f(z),
and the elements in the top row of the circulant & are the consecutive

'z

coefficients bO’bB""’bS(n—l)

expressed in {13). Since a0 = () the diagonal elements in P are all 0.

For n = {g+1)/? the matrix equation

of g(£). The symmetry of R and S is

RR* + $5% = qI_ _ (24}
is equivalent to the orthogonality relation

E o (3gi2m148, g5 m148s)

A

n-1),

which follows from {14), (15) and (18). Consequently, {23) may be established

by z straightforward verification.

Examples. In the following two examples the top rows of the

circulants R and 8§ are given.
q= 9: R = (O,i,l,l,i), § = 'Cl.-i.isi,—i)
£(Q1) = 2 + 24, g1} =1

ray? + g2 = 22 4 2.2% - 5.
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g = 17: R = (0,1,1, ~i,1,i, -i,1,1)
s = (1,4, -i, -1, =1, =1, -1, -1,i)

£Q1) = 2 + 21, g(l) = ~3

!f(l)|2 + ]g(l)]z = (—332 +2.2% = 17

The following Theorem of Williamsen [14, 11 p. 382] as adopted by Geramita,

Geramira and Wallis is useful.

LEMMA 3. Suppose there exist four symmeirie eirculant matrices A,B,C,D

of order n which satisfy

AAT -+ BBT + CCT + DDT = fIn

where f is a quadratie form. Then

A
H = (25)

satisfias
T
HR® = fIzm'

Hence, if A,B,C,D, have entries from the set of commuting variables
{O,ixl,sz,...}, ¥ <8 an orthogonal design.

We shall now empley Theorem 2 to produce the following family of
orthogonal designs and weighing matrices to give insight into the intrernal
structure. It should be noted that there is another proof which follows

eacily from a theorem of Delsante, Goethals and Seidel.

THEOREM 3. Let q = 1 (med 8) be g prime power. Then there exists an
orthogonal design of type (gq,q} in order 2(gtl) aqe well as a
W(2{q+1),q) and a W(2{g+l),2q).

Proof. let R and § be the symmetzic circulants of Theorem 2. Put
E = U+iy and § = X+i¥. Then we have

RR¥ + §8% = (U+iv) (U-iV) + (I+iY) (X-iY)

= ‘U2 + v2 + Xz + Y2 + i (VO-UV+YX-XY)
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sop that

U2+V2+X2+Y29UTJT+WT+XXT+‘IYT ql

VB - UV + X - XY = 0

in view of (24).

Now suppose X and ¥y are comsuting variables and write A = xHyV,

B = vV, C = xE+y¥, b = yX-x¥.. How

2
Az + 32 + C2 + D2 = (XZ_'_S{Z) (U2+V2+X +‘£2)

2 2
= (ex +qy DI .
Hence, substituting A,B,C,D in {25) gives the required orthogonal design.

Setting x =y =1 gives the W(2(q+l}),2q) and x =1, y =0 gives the
W(2{g+1),q).

Example. In the following two examples (writing X = -x and

_}7 = -y) the top rows of the circuvlants 4A,B,C,D are given.

q = 9: & = {0yxxyl, B = {0xyyx},
c = {xyyyy}, D = {yxm).
q=17: A = {Oyxyyyyxy}, B = {Oxyxooyx)
¢ = {xyyxxxxyy), D = {yxxyyyymx}.

Also using lemma 4.54 of Geramita and Seberry [5] we can establish.

THEOREM 4. Let q = 1 (mod 8) De a prime power. Then there exists an
orthogonal design of type (4,2q,2q) in order &(q+l).

Proof. Llet 2x,y,z be commuting varisbles and U,V,X,¥ be the circulant

symmerric matrices of the last proof. Now define

A=z + xU + ¥V, E = -zl + xU + ¥V, C =zl + yU -xV,
= —zI + yU -x¥, E = xX + ¥Y, F = xX + yY,
G = yX —xv, H=yX -x¥,

which may be used in the lemma quoted above to obtain the result.

We now derive another result using Theorem 2.
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Suppose z = ¥+Y 4s a cod . of order m and type (zl,zz,...,zr)
T

then XXT+YY?_= fIm, where f is a . quadratic form, and XYT = .
THEOREM 5. Suppose there exists an orthogoanl design of type (a,a) in
order n and a cod of order m and type (zl’zz" . .,zr). Then there

exists an orthogeanl design of type (azl,azz,...,azr) in order mn.

Proof. Write =z = X+iY¥Y for the cod. Replace the first and second
variables of the orthegonal design xAl+'yA2 by X and Y respectively

to pbtain W = Alxx + AZXY then

T I...T gxin S Tomr T
WWo o= A AT + A A + A A HYR + A XYY
171 1 21 72

T

- T, T T T

= al x COU+YY ) + (A A+AA) X XY
= afl .
nm

Hence W 1is the required orthogonal design.

Corollary 4.116 of Geramita and Seberry establishes that an orthogenal

d
design of type (r,r) exists in order 2m, n 2 2a10b26C6 14% for each r

of the form 2a10b26c5d13e whare a,b,c,d,e are non-negative integers.

COROLLARY 2. Let 1 and n be as just deseribed. Suppose there exists
a complex orthogonal design of type (zi,zz,...,zr) in prder m. Then

there exists an orthogonal design of type (rzl,rzz,. . ,rzr) in order 2mm.

This corollary is a gemeralization of Construction 19 of [4#] which
gives this result for r = 2.

Using Theorem 2 with Theorem 5 we have:

COROLLARY 3. let q =1 {(mod 8) be g prime power. Let r and n be as
described above. Then there exists an orthogonal design of type (rq) 1inm
every order = n(qtl}. Equivelently, there existe o W(m(gtl),rq) for

every m 2 n.

6. New Cods.

We note in passing that if a,b,c are commuting variables and

i2 = =1 then

(1) ac-a and aiba



(i1) aicaab-a and aica-a-ba

are sequences with zerc—autocorrelaticon which can be used as first rows of
circulant matrices of order n 2 3 and n 2 5 respectively by adding a
suitable number of zeros to the end of each sequence and which can be used

in Construction 8 of [4] to obtain:

LEMMA 3. There exist cods of wype (1,1,4) 1in all ordere In, mn 2 3
and of types (2,2,8), (2,10}, (4,8) and (12} in il orders 2n, n 2z 5.

This gives some unsolved cases of Geramita and Geramita [u].
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