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School of Mathematics & Applied Statistics

MATH321: Numerical Analysis - 2006

Assignment 1 - Week 3

The assignment consists of two parts.

The first part is to take the simple Maple program newton1d.txt which is listed below, and
a copy of which you can obtain from me in the lab, and modify it so that you can find the root
nearest to +1 of the Chebshev polynomial Tn(x), which is defined by the recurrence relations:

T0(x) = 1
T1(x) = x

Tk+1(x) = 2 x Tk(x)− Tk−1(x)

You will have to write a loop to evaluate Tn(x) and a loop to evaluate its derivative, to replace
the simple functions fand fd in what follows, in the way I derived the recurrence relations for
the derivatives in Bairstow’s method.

# A simple template for Newton’s method

f := (x) -> x^2 - 4.0;
fd := (x) -> 2.0 * x;
xstart := 1.0;
ftolerance := 1.0e-6;
htolerance := 1.0e-6;
iterations := 20;

Newton := proc(xstart, f, fd)
local i, x, xnew, denom, num, h, finish;
global ftolerance, htolerance, iterations;

i := 0:
x := xstart:
finish := 0;
while (finish < 1) do

denom:= evalf(fd(x));
if (denom <> 0.0) then

num:= evalf(f(x)):
printf(" x = %e, f(x) = %e\n", x, num);
h := evalf(-num/denom):
xnew := x + h:
if ( abs(num) < ftolerance ) then

if ( abs(h) < htolerance ) then
finish := 3;

elif ( abs(h/x) < htolerance ) then
finish := 3:

end if:
end if:
if (finish < 1) then

x:= xnew:
i:= i+1:
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if (i >= iterations) then
finish := 2:

end if:
end if:

else
finish := 1:

end if:
end do:
num := evalf(f(x)):

if ( finish < 2 ) then
printf("Zero derivative at x=%e, f(x)=%e\n",x, num);

elif ( finish < 3) then
printf("Too many iterations at x = %e, f(x) = %e\n", x, num)

else
printf("Convergence after %d iterations, x = %e, f(x) = %e\n", i, x, num);

end if;
return (x):

end proc:

x := Newton(xstart, f, fd);

The second part is to produce a Maple program which can fit a set of experimental points
(xk, yk) by the function

f(a, x) = a1 sin(a2 xk) + a3 cos(a4 xk)

using the weighted least squares function

R(a) =
N∑

k=1

wk[f(a, xk)− yk]2

You can start with the Maple program I will give you, lsqAssign.txt and modify it to deal with
the function specified above. The program as it stands, fits the function

f(a, x) = a1 exp(a2 xk) + a3 ∗ sin(a4 xk)

The first part of the program sets the values of parameters a1 . . . a4 and then generates the
data, with some noise using the Maple rand function. Starting guesses for the parameters are
contained in the array aguess[].

In order to implement Newton’s method, you have to be able to compute firstly ∂R
∂ai

and ∂2R
∂ai ∂aj

,

which in turn require the evaluation of ∂f
∂ai

and ∂2f
∂ai ∂aj

.

If you check the derivatives for yourself, you will see that only ∂2f
∂a1 ∂a2

, ∂2f
∂a2 ∂a2

, ∂2f
∂a3 ∂a4

, and
∂2f

∂a4 ∂a4
are non-zero, so those are the only functions I bothered to define. However, if you

look at the actual code you will see that I have commented out the actual definitions of those
derivatives and set them zero. if you look at the definition:

∂2R

∂ai ∂aj
= 2

N∑
k=1

[
∂f

∂ai

∂f

∂aj
+

∂2f

∂ai ∂aj
(f(a, xk)− yk)

]
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you will see how those second derivatives of f enter into the problem. One of the problems
which can arise in fitting non-linear functions, which does not arise in fitting functions where
the parameters enter linearly, is that although the matrix ∂2R

∂ai ∂aj
is positive definite at the

minimum point, it is not necessarily so at the starting guess or at points along the solution
trajectory. One of the modifications to Newton’s method which is often used in practice is to
set the second derivatives of f to zero, giving a ”so-called” quasi-Newton algorithm.

Your aim in this assignment is to produce a program which will converge for the values generated
by a = [10, 0.5, 1.0, 2.0] using the initial guesses a = [9.0, 0.4, 2.0, 2.5].

The section of the program which generates the data includes a line which calls the function
randy() to add some random errors to the data points. You can vary these random errors by
changing the line

_seed := 1234567:

to other values of the seed. Run your program for 1234567 and for three other substantially
different values of the seed. Summarise the values of the parameters you obtained from the
four runs, and what you think that tells you about the reliability of the estimates you can
obtain from experiments with these types of random errors.

If time permits later in the session, I will discuss some refinements people have made to the
basic algorithm you are implementing.

Please submit listings of your programs to me in the Friday lab of week 5, plus
your commentary on the results you obtained from the non-linear fitting, and be
prepared to demonstrate your programs running, if required by me, in the lab
when you submit it. Retain a copy of the programs you submit at least until your
programs have been marked and returned to you.
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