
Numerical Integration - a Cook’s Tour

(no substitute for reading Davis and Rabinowitz (1975))

We begin with a quick review of numerical integration in one
dimension, which subdivides into Gaussian, Newton-Cotes
rules, and Curtis-Clenshaw rules.

Then we explore multi-dimensional integrals, where Monte
Carlo, and Smolyak type rules have been receiving attention,
for example in the recent article of Babuska et al.(2010).

Gaussian Integration:∫ b

a

w(x)f(x)dx =
N∑

i=1

wif(xi)

is called an N-point rule, where w(x) > 0 is a weight func-
tion, and wi and xi are the weights and ordinates of the
integration rule. The limits of integration, a and b, are
customarily replaced by 0 and 1 in deriving the rule. A sim-
ple linear change of variable extends the rule to any finite
interval (a, b).

Our normal way of presenting this material to students is
to say that we will derive the weights wi and ordinates xi

by insisting that the integration rule correctly integrates
as many as we can of the functions 1, x, x2, x3 ... in
turn. The motivation for this is that if we can expand a
general function as a Taylor’s series, integrating the function
and integrating the low degree polynomials in x are closely
related.
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Applying this approach to the two point Gauss rule with
w(x) = 1, we get the familiar equations∫ 1

0
1 dx = 1 = w1 + w2 (1)

∫ 1

0
x dx = 1/2 = w1 x1 + w2 x2 (2)

∫ 1

0
x2 dx = 1/3 = w1 x1

2 + w2 x2
2 (3)

∫ 1

0
x3 dx = 1/4 = w1 x1

3 + w2 x2
3 (4)

These equations are non-linear in the xi, and the hint in our
first year text is to assume w1 = w2, find x1 and x2, and
check that all four equations are satisfied.

Could we give a better hint? Yes we could, because our hint
will not help if w(x) 6= 1, nor does it generalise for higher
N.

We could instead say that x1 and x2 are the roots of a
quadratic equation x2 + a1x + a0 = 0 and then combine
together equations 1, 2, and 3 to give

w1(x1
2 + a1x1 + a0) + w2(x2

2 + a1x2 + a0)
= 1/3 + 1/2 a1 + a0 = 0 (5)

and equations 2, 3, and 4 to give

w1(x1
3 + a1x1

2 + a0x1) + w2(x2
3 + a1x2

2 + a0x2)
= 1/4 + 1/3 a1 + 1/2 a0 = 0 (6)

This approach will work when w(x) 6= 1, and generalises to
higher values of N , and would therefore be a better hint to
give. Once x1 and x2 are found, it is easy to solve the linear
equations for w1 and w2, which do indeed turn out to be
equal ( to 1/2).
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The generalisation to higher N is called the method of mo-
ments. If

Mi =

∫ 1

0
w(x)xi−1dx (7)

the coefficients of the polynomial satisfy the matrix equa-
tion

Ta = −b (8)

where Ti,j = Mi+j−1, and bi = Mi+N−1.

End of story? Not quite. In the past, this approach left
us with two difficult numerical problems to manage, which
now are more manageable with Mathematica or Maple. The
matrix T quickly becomes ill-conditioned, (with w(x) = 1,
T is part of the Hilbert matrix). The second problem of
extracting the roots of a polynomial, given its coefficients,
is also a poorly conditioned problem. Even more fundamen-
tally, can we even know that the roots xi of the polynomial
are firstly, real, and secondly, lie in the interval (0,1), which
they need to do if our integration scheme is to make sense?

To make progress on both fronts, we should invoke the
classical theory of orthogonal polynomials:

For every w(x) > 0 on an interval (a, b) there exists a family
of orthogonal polynomials φi(x) satisfying∫ b

a

w(x)φi(x)φj(x) = 0 for i 6= j (9)

Apart possibly from a constant factor, these polynomials

are the polynomials we sought to identify using the method

of moments.
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If P2N−1(x) is any polynomial of degree 2N−1, we can write
it as φN(x)qN−1(x) + rN−1(x) so that∫ b

a

w(x)P2N−1(x)dx

=

∫ b

a

w(x){φN(x)qN−1(x) + rN−1(x)}dx

=
N∑

i=1

wi {φN(xi)qN−1(xi) + rN−1(xi)} (10)

If the xi are chosen to be the zeros of φN(x) we automati-
cally obtain∫ b

a

w(x)φn(x)qN−1(x)dx = 0 =
∑

i

wiφN(xi)qN−1(xi) (11)

and are free to choose the weights wi, so that the integrals∫ b

a

w(x)rk(x)dx =
N∑

i=1

wirk(xi) (12)

are correctly evaluated for

rk(x) = xk−1, or φk−1(x), for k = 1 . . . N .

If the polynomials are orthonormal, satisfying∫ b

a

w(x)φi(x)φj(x)dx = δi,j (13)

the weights can be obtained from the Christoffel-Darboux
identity

wi = [
N−1∑
j=0

φj(xi))
2]−1 (14)

which shows that the weights are positive, as we might

expect for a reliable integration scheme.
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These polynomials satisfy a recurrence relation of the form

φn+1(x) = (anx + bn) φn(x) + cn φn−1(x) (15)

If the coefficients of the recurrence relation are available in
closed form, Golub and Welsch(1969) identified a route to
the roots xi:

xφ = Tφ + r (16)

where

T =


−b0/a0 1/a0

−c1/a1 −b1/a1 1/a1

−c2/a2 −b2/a2 1/a2

. . . . . . . . . . . . . . .
−cn/an −bn/an

 ,

and φ = [φ0, φ1, . . . , φn]T , r = [0,0, . . . , φn+1(x)/an]T .

Solving the eigenvalue problem gives the zeros of φn+1.
These methods were plagued by loss of accuracy in the
computation, but help is now available via packages such
as Maple or Mathematica, which have the ability to com-
pute polynomials and their roots for weight functions of the
form (x− a)−α(b− x)−β. Using this family, it should be pos-
sible to match a singularity at either end of the integration
for many weight functions w(x) of interest by simply select-
ing the appropriate W (x) from the family, and computing
its xi and wi. A reliable integration rule for w(x) will be∫ b

a

w(x)f(x)dx =
n∑

i=1

wi(w(xi)/W (xi))f(xi) (17)

If a weight function w(x) cannot be matched with those
available in Maple, alternate procedures outlined by Gautschi
(1968), involving Richardson extrapolation of numerical in-
tegrals, are available.

The mention of Richardson extrapolation leads us naturally

to next consider Romberg integration and Newton-Cotes

integration rules.
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I believe it is important to give some time to the idea of
Romberg integration in our first year courses for the follow-
ing reasons:

It introduces students to the idea of Richardson extrapola-
tion in numerical processes. If T (h), the trapezoidal esti-
mate of an integral using a step size h, approximates the
true answer T with an error relation

T (h) = T + a2h
2 + a4h

4 + a6h
6 + . . . (18)

we may eliminate the error term proportional to h2 by Richard-
son extrapolation.

S(h/2) = (4 ∗ T (h/2) − T (h))/3 has a leading error term
proportional to h4. The fact that if we combine the rules
symbolically, S(h/2) is the familiar Simpson’s rule, and ap-
plying Richardson extrapolation to S(h) to eliminate the h4

error term leads on to the not-so-familiar Weddell’s 3/8 rule
gives a unifying view of the Newton-Cotes rules.

The fact that we obtain three separate estimates of the
integral from T (h), T (h/2), and S(h/2), without any addi-
tional function evaluations, leads on naturally to the ideas of
accuracy termination criteria, and the adaptive refinement
techniques used in various automatic integration packages.

Starting from the elementary trapezoidal rule, successive
trapezoidal approximations to

∫ +1
−1 f(x)dx yield

T1 = [ f(−1) + f(1)] (19)

T2 = 0.5 ∗ [ f(−1) + 2f(0) + f(1)]
= 0.5T1 + f(0) (20)

T3 = 0.25 ∗ [ f(−1) + 2f(−0.5) + 2f(0 + 2f(0.5) + f(1)]
= 0.5T2 + 0.5[f(−0.5) + f(0.5)] (21)
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These successive estimates exhibit the nested property,
which means that the function values used to compute the
previous approximation to the integral are used in the cur-
rent step. This would not be true in Gaussian integration
for example, where the ordinates in a three point rule are
completely distinct, and in fact interlace, the ordinates of
the four point rule.

We can also also see immediately that

S2 = [4T2 − T1]/3
= [f(−1) + 4f(0) + f(1)]/3 (22)

yields the elementary Simpson rule, as previously remarked.

Another notable one dimensional family are the Curtis-
Clenshaw family. They share the nested property with
the Newton-Cotes rules, and behave like the Gaussian rules
in being able to integrate increasing degrees of polynomi-
als exactly. The key underlying idea is to approximate the
function that we want to integrate by an interpolant at a
sequence of ordinates, and then integrate the interpolant
exactly. The simplest way to derive the Curtis-Clenshaw
family is to change variables:∫ +1

−1
f(x)dx =

∫ π

0
f(cosθ) sinθ dθ (23)

We can approximate f(cosθ) by its Fourier series

f(cosθ) =
1

2
a0 +

∞∑
k=1

ak cos(kθ) (24)

where

ak =
2

π

∫ π

0
f(cosθ) cos(kθ) dθ (25)

so that now we can do the integrations in equation 23 ex-

actly, term by term for each term in equation 24.
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What we seem to have done is to replace the original prob-
lem of integrating f(x) by the problem of evaluating the
integrals in equation 25 for the coefficients ak.

So now we would like to revisit the trapezoidal rule:∫ π

0
f(cosθ) dθ ≈

π

2N
[f(cosθ0)cos kθ0 (26)

+2
N−1∑
j=0

f(cosθj)cos kθj + f(cosθN)cos kθN ]

for k = 0,1,2 . . . and θj = jπ
N
. These summations can be

evaluated by the Fast Fourier Transform (FFT or DCT)
and the integrals

∫ π

0 cos kθ sinθ dθ are readily evaluated.

If we look at the points where the function being integrated
has to be evaluated, we see that the values f(cosθj), θj = jπ

N
are nested, so that we can change from N → 2N just by
evaluating f(cosθ) at the midpoints θ = (2j+1)π

2N
.

Thus by precomputing the weights wj, the Curtis-Clenshaw
integration rule can be written:∫ 1

−1
f(x)dx =

N∑
j=0

wjf(xj), xj = cos(
jπ

N
) (27)

The Curtis-Clenshaw approach may have an advantage when
attempting to integrate functions with an integrable singu-
larity, or with weight functions other than 1. Suppose

f(x) ≈ s(x) (28)

where s(x) is integrable with a singularity.
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∫ 1

−1
f(x)dx =

∫ 1

−1

f(x)

s(x)
s(x) dx (29)

=

∫ 1

−1
g(x) s(x) dx

=

∫ π

0
g(cosθ) s(cosθ) sinθ dθ

where g(x) no longer has a singularity.

We can then create the integration rule∫ 1

−1
f(x) dx =

N∑
j=0

µj g(xj) (30)

where now we have to precompute the weights µj by eval-
uating the integrals∫ π

0
cos kθ s(cosθ) sinθ dθ,

which either we may be able to do analytically, or we can
evaluate once, to high accuracy, numerically.

Numerical evaluation of multidimensional integrals, which
are required in areas such as statistical physics and finan-
cial mathematics, are becoming increasingly common as
the power of our computing platforms continues to expand.
Computations yielding UQ (uncertainty quantification) are
appearing increasingly in the literature.

For low dimensional integrals, we might be tempted to use
a tensor product rule. For example, in two dimensions we
would have∫ 1

0
dx2

∫ 1

0
dx1f(x1, x2) =

∑
i

∑
j

wiwjf(xi, xj) (31)
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If N function evaluations are required for the one dimen-
sional rule, N2 function evaluations are required in 2 di-
mensions. However, applying the same approach to a 20
dimensional integral, using just a 3 point Gaussian rule in
each variable, would require 320 ≈ 109 function evaluations,
the so called ”curse of dimensionality” . In the past, we
have often turned to the Monte Carlo estimate of the M
dimensional integral

I(f) ≈ (1/N)
N∑

i=1

f(x1,i, x2,i, . . . , xM,i) (32)

where each of the N points (xj,i j = 1 . . . M) in M-dimensional
space is selected using a psuedo-random number generator.

The difference between the two approaches is stark as the
dimensionality of the integral increases. The behaviour
of the worst case error is revealing. If we imagine that
F (x1, . . . , xN) = g(x1), i.e. that the multidimensional func-
tion is just a function of one variable, the error after 109

function evaluations using the tensor product rule on a 20
dimensional problem is no better than it could be with 3
function evaluations - a depressing result.

For the Monte Carlo method, we have different types of
error results:

E(F ) ≈
1

N

N∑
i=1

F (xi) (33)

with an error term ∼ σ(F ) N−1

2 where σ(F ) is the variance of

F over the volume of integration. Knowing the functional

dependence of the error on the number of Monte Carlo sam-

ple points offers the possibility of monitoring the progress of

the calculation and terminating when the calculation when

the error reaches a pre-set input value.
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Such Monte Carlo estimates have their own problems:

1. Estimates of the integral from different random se-
quences are different.

2. Generating the random sequences may be difficult for
complex shapes

3. The error dependence ∼ N−1

2 may be unacceptably
slow.

However, Monte Carlo methods have become more attrac-
tive in the age of multi-core computing, because each esti-
mate of the function F (xj) at each point xj can be evaluated
independently of the rest, simultaneously, on however many
cores are available. Of course, the same is true of ten-
sor product integration, but the number of points in the
tensor product case may quickly become prohibitive as the
dimension of the sample space rises.

These days there is a thriving industry based on an idea
of Smolyak(1963) which combines together the notions of
interpolation and integration, including the work of our own
Ian Sloan eg Sloan and Smith(1978) and much subsequent
work. When a multi-dimensional function is approximated
by an interpolatory polynomial, each term in the interpo-
latory polynomial can be integrated analytically. Combin-
ing the contribution of the function value f(xi) to each
coefficient of the interpolatory polynomial with the result
obtained from integrating the corresponding term in the
polynomial allows us to again generate a rule of the type

I(f) ≈
N∑

i=1

wi f(xi) (34)

where now both the points xi and the weights wi are deter-

mined by the choice of the interpolating polynomial.
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One such scheme, based on Curtis-Clenshaw integration is
described by Novak and Ritter(1996), and illustrated below
for a two dimensional integral.

This is based on a hierachy of Curtis-Clenshaw rules, la-
belled 1,2,3 . . .. The first is just the the single point mid-
point rule. The second contains the end points of the in-
terval, plus the midpoint. The third in the sequence con-
tains the points cos(jπ

4
), j = 0 . . .4. The fourth contains

cos(jπ
8
), j = 0 . . .8.

U i1 represents integration using one of these rules to inte-
grate with respect to variable x1.

U i2 represents integration using one of these rules to inte-
grate with respect to variable x2.

U i1⊗U i2⊗ . . . U id represents a tensor product integration rule
for a function f(x1, x2, . . . xd) where the number of integra-
tion points in dimension k is indicated by ik.

A composite rule A(q, d) defined by Novak and Ritter takes
the form

A(q, d) =

q∑
|i|=q−d+1

(−1)q−|i|
(

d− 1
q − |i|

)
(U i1 ⊗ . . . U id) (35)

where |i| = i1 + i2 + . . . id. For example,

A(4,2) = −(U1⊗U2)−(U2⊗U1)+(U1⊗U3)+(U2⊗U2)+(U3⊗U1)
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The key as to why A(q, d) does not generate integration
points at the same rate as a single tensor product rule is
the use of nested integration rules which means that the
same points are used repeatedly. The following table illus-
trates the growth in the number of evaluation points with
dimension d and q, with 3d listed for comparison:

d q A(q, d) 3d

2 4 13 9
2 5 29 9
2 6 65 9
2 7 145 9
5 9 801 243
5 10 2433 243
10 14 8801 59049
10 15 41265 59049
15 19 40001 1.43e+7
15 20 261497 1.43e+7
20 24 120401 3.49e+9
20 25 1.02e+6 3.49e+9
30 34 582801 2.06e+14

To use A(q, d) to integrate a function we have to combine
all the weights associated with each particular point, so that
the integrand is evaluated once only at each point.

The fact that the signs of the components of A(q, d) are al-
ternating gives rise to some points with negative weights, for
example the weight associated with the midpoint in A(4,2).
Such a situation never arises in tensor products of Gaussian
rules.

If a function varies more rapidly in one particular direction k,

it would be possible to vary the sequence of Curtis-Clenshaw

points from the standard (1,3,5,9,17 . . .) sequence to (1,9,17 . . .)

so that more points are sampled in that particular direction.
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