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1. The partition function Zy for a system of N independent particles is given as
Zn = (ngV)N/NL

(i) Find the Gibbs sum Z and mean occupancy (N) for an ideal gas of identi-
cal atoms.

(ii) Show that the probability there are N atoms in the gas in volume V in dif-
fusive contact with a reservoir is
(V)™ exp(—(N))

N!

P(N) =

(iii) Calculate ((N — (N))?).
(iv) Suggest a simple experimental procedure for the determination of (N).

(v) A donor level in a semiconductor can be either empty (ionised) or occupied
by an electron with spin-up or spin-down. When the level is occupied, its binding
energy is -I. Calculate the grand partition function of the donor atom and the
probability that the donor is ionised.

2. (A) A one-dimensional harmonic oscillator has an infinite series of equally spaced
energy states, with ¢, = shw, where s is a positive integer or zero, and w is the
classical frequency of the oscillator.

(i) Determine the partition function and mean occupancy as a function of tem-
perature and frequency.

(ii) Determine the Helmholtz free energy and the entropy of the system.

(B) The rotational energy of molecules is quantised and energy levels of a diatomic
molecule are given as

ej = Jj(j + 1o
where 7 is any positive integer or zero, €y is a constant. The number of states in
level j is g; = 25 + 1.

(iii) Calculate the partition function Zg for the rotational states of one molecule.

(iv) Evaluate Zp in the high temperature limit, 7 > ¢y, then determine energy
U and the heat capacity C' in the same limit.
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3. (i) Electrons are described by the Fermi-Dirac distribution functions. Calculate the
Fermi energy of an electron gas.

(ii) Calculate the electronic heat capacity at low temperature.
(iii) The thermal energy of the phonons in a crystal is given as
7L

dx
7T7_LU:| /

where xp = mhon/L7. Calculate the heat capacity of phonons at low temperature
and at high temperature.

U 37r27’w

(iv) Explain why the chemical potential of a Bose gas must be always negative.

4. A container consists of atoms in a solid in equilibrium with atoms in the gas phase.
Imagine a solid consisting of N atoms, each bound as a harmonic oscillator of fre-
quency w to a fixed centre of force. The binding energy of each atom in the ground
state is €p. The energy states of a single oscillator are nhw — ¢y where n is a positive
integer or zero. For the sake of simplicity, we assume that each atom can oscillate
only in one direction.

(i) Calculate the partition function of the solid.
(i) Calculate the free energy F' and Gibbs free energy G per atom for the solid.
(iii) Calculate the chemical potential of the gas.

(iv) Determine the vapor pressure of solid-gas equilibrium.
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USEFUL EQUATIONS:
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