Tutorial on Fixed Rank Kriging (FRK) of
CO2 data

M. Katzfuss, The Ohio State University
N. Cressie, The Ohio State University

Technical Report No. 858

July, 2011

Department of Statistics
The Ohio State University
1958 Neil Avenue
Columbus, OH 43210-1247

Tutorial on Fixed Rank Kriging (FRK) of CO2 Data
Matthias Katzfuss∗

Noel Cressie∗

June 24, 2011

Abstract
In this document, we describe Fixed Rank Kriging (FRK), an approach to the analysis of
very large spatial datasets. Such datasets now arise in many fields; our focus is on satellite
measurements of CO2 . FRK predictors and standard errors can be computed rapidly, even for
datasets with a million or more observations. FRK relies on a so-called spatial random effects
(SRE) model, which assumes that the process of interest can be expressed as a linear combination of spatial basis functions, plus a fine-scale-variation component. Here, we describe in
detail all steps involved in the analysis of a spatial dataset using FRK, we illustrate the steps
using a synthetic dataset, and we provide Matlab code on an accompanying website.
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Introduction

1.1

Spatial Analysis of Large Datasets

This document gives a detailed recipe of how a spatial analysis of a very large dataset can be
conducted using a flexible class of geostatistical models called the spatial random effects (SRE)
models. All steps of the analysis are laid out, from the exploratory analysis, to parameter estimation, to obtaining predictions and their accompanying standard errors.
The goal of most spatial analyses is to predict the distribution of a process of interest based
on a number of observations containing measurement error. Traditional spatial statistics requires
inversion of the covariance matrix of the data, which requires on the order of n3 computations
when there are n observations in the dataset. This is computationally feasible for n up to a few
thousand, but it is not feasible when n is in the tens of thousands and above. In such large-data
situations, one looks to dimension reduction. We do this here by making use of an SRE model,
in which the process of interest is modeled as a linear combination of basis functions plus a finescale-variation term. Spatial prediction using this geostatistical model, termed Fixed Rank Kriging
(FRK) by Cressie and Johannesson (2008), is then feasible even for very large n (up to a million
or more), as long as the number of basis functions is much smaller (no more than a few thousand)
than the number of observations.
The SRE model can be extended to a spatio-temporal version by specifying the dynamical
evolution of the vector of basis-function coefficients over time. The resulting spatio-temporal
∗
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random effects (STRE) model can then be used to exploit both spatial and temporal dependence of
the process when predicting its distribution at locations in space and time. We shall not give any
more details about the spatio-temporal case here and instead refer the interested reader to published
articles, such as Cressie, Shi, and Kang (2010), Kang, Cressie, and Shi (2010), and Katzfuss and
Cressie (2011a,b), that treat the spatio-temporal case (empirical-Bayesian and fully Bayesian) in
detail.

1.2

Synthetic Dataset

Throughout this document, we shall demonstrate the generic recipe for FRK using a global dataset
of CO2 measurements. In principal, CO2 varies with latitude, land/sea, and geopotential (pressure)
height. Of particular scientific interest is the boundary layer closest to the Earth’s surface, because
this is usually where CO2 is generated and absorbed (i.e., the sources and sinks). However, satellite
instruments measure column-integrated versions of CO2 , denoted XCO2; that is, for a specific
latitude-longitude footprint, they average over the CO2 observed at all pressure heights, where
the averaging weights are determined by a pressure weighting function. Carbon-cycle transport
models are then used to look for sources and sinks. In what is to follow, we present FRK for
XCO2 data.
Specifically, we use a global “dataset” of column-integrated CO2 (XCO2) for 1pm local time
on September 20, 2003. This dataset does not consist of actual measurements, but it was generated
from the PCM-CSM Transition Model, or PCTM (Kawa, 2004; Strand, 2004; Chatterjee and Kawa,
2009). The PCTM provides values of column-integrated CO2 on a grid of 1.25◦ longitude by 1◦
latitude, which results in a total of 288 × 181 = 52, 128 grid cells on the globe. We consider
these values to represent the true XCO2 field, which we denote by Y (·). Throughout most of
this document, we assume that each observation is taken at the center point of the grid cell. In
reality, each observation describes an integral over the respective grid cell, and we shall describe
how to generalize our model to reflect this fact in Section 6. To obtain a dataset that resembles
measurements that could have been made by the Orbiting Carbon Observatory (OCO; see Crisp
and Johnson, 2005), we combine this PCTM dataset with track information and cloud/aerosoldensity from the CALIPSO satellite (Winker et al., 2003). We discard all grid cells in the PCTM
data that would not have been on the track of OCO during the 16-day time period of September
13-28, 2003 (orbit-geometry mask), and those that would not have been visible during that same
time period, as determined by measurements of cloud density from the CALIPSO satellite (cloud
mask). The criteria for a cell to be sampled are (i) the cell is on the OCO track and (ii) the cell
is visible, meaning that both cloud and aerosol optical depth (from CALIPSO) are below 0.3.
CALIPSO only takes measurements between −82◦ and 82◦ latitude, and so we simply assume that
all grid cells closer to the poles are unobserved. Because of the orbit-geometry mask and cloud
mask, the dataset we analyze here has only roughly half the number of observations (26,633 out of
the 52,128 possible). Finally, to create the dataset Z that we analyze in this document, we added
Gaussian white noise with zero mean and variance 0.25 as measurement error, to Y (·). The unit of
measurement is parts per million (ppm). The resulting synthetic data Z are shown in Figure 1, and
we refer to them as OCO-like (OCOL) data. (As a footnote, OCO was launched in February 2009
but failed to reach orbit. At the time of writing this document, OCO-2 is under development for a
launch date in the 2013-2014 time window.)
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Figure 1: OCO-like data

1.3

Notation

We are interested in making inference on a hidden spatial process {Y (s) : s ∈ Ds } on a spatial
domain, or region of interest, Ds (e.g., the globe, or the United States). The n data,
Z(si ) ≡ Y (si ) + (si ), i = 1, . . . , n,
are observed with additive measurement error. The measurement-error process, (·), is assumed to
be statistically independent of Y (·) and distributed as,
(·) ∼ N (0, σ2 v (·)),

(1)

where v (·) is a function that is typically assumed to be known (see the end of this subsection).
Then
Z ≡ (Z(s1 ), . . . , Z(sn ))0 .
This defines a data model that can be equivalently written as,
Z|Y ∼ Nn (Y, σ2 V ),
where V ≡ diag(v (s1 ), . . . , v (sn )). The process Y (·) is decomposed into two components,
Y (·) = µ(·) + ν(·),
where the first component µ(·) is a deterministic large-scale trend µ(·), and the second component
ν(·) is a random spatial-variation component ν(·). We assume that the deterministic trend is a
linear function of spatial covariates,
µ(·) = x(·)0 β,
(2)
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where x(·) is a p-dimensional vector of known covariates. Section 2.1 describes how suitable
covariates can be identified for a particular dataset.
The random spatial-variation term ν(·) is further assumed to follow the spatial-random-effects
(SRE) model,
ν(·) = S(·)0 η + ξ(·),
where S(·) ≡ (S1 (·), . . . , Sr (·))0 is an r-dimensional (r << n) vector of spatial basis functions,
and η is a random-effects vector. We assume that η is distributed as,
η ∼ Nr (0, K),
where K is an unknown r × r symmetric positive-definite matrix. The fine-scale-variation process
ξ(·) accounts for the error induced by the dimension reduction and is distributed as,
ξ(s) ∼ N (0, σξ2 vξ (s)),

(3)

independently for all s ∈ Ds , and independently of η, where vξ (·) is a known function.
By stacking all scalar quantities into vectors and all row vectors into matrices, we can write the
data vector as,
Z ≡ [Z(s1 ), . . . , Z(sn )]0 = Y + ,
where
Y = Xβ + Sη + δ;

(4)

hence, for example, the i-th row of S is S(si )0 . The covariance matrix of the data vector has the
form,
Σ ≡ var(Z) = var(Sη) + var(δ + ) = SKS 0 + D,
(5)
where D ≡ σξ2 Vξ +σ2 V , Vξ ≡ diag(vξ (s1 ), . . . , vξ (sn )), and recall that V ≡ diag(v (s1 ), . . . , v (sn )).
We shall assume for now that the functions vξ (·) and v (·) are known (see Section 6.1 for one
possible way of relaxing this assumption). For v (·), if the observations Z are binned averages
of some original measurements, one could set v (si ) = 1/Ni , where Ni is the number of original
measurements that went into the average Z(si ); i = 1, . . . , n. If there is no reason to believe
that the measurement-error variances should be different in different parts of Ds , one can simply
assume V = In , the identity matrix. The same can be said of vξ (·).
We can also write our model in a hierarchical form: The data model is given by,
Z|YP , σ2 ∼ Nn (Y, σ2 V ),
where YP is the vector of the hidden process for all m possible locations, observed or not. The
process model is given by,
YP |K, σξ2 ∼ Nm (X P β, S P KS P 0 + σξ2 VξP ),
where X P , S P , V P are obtained by evaluating the corresponding quantities at all m possible
locations. Alternatively, the process model can be written conditionally, in two stages:
YP |η, σξ2 ∼ Nm (X P β + S P η, σξ2 VξP )
η|K ∼ Nr (0, K).
4

In Section 3, we shall describe how to estimate the unknown parameters σ2 , σδ2 , and K from
data. We then take an empirical-Bayesian approach and substitute the estimators into the hierarchical model given by the data model and the process model. Inference on Y (·) is obtained from
Bayes Theorem; see Section 4. Section 5 gives diagnostics to check the fit of the hierarchical SRE
model, and model extensions are discussed in Section 6.

2
2.1

Preliminary Steps
Detrending

The first step in the analysis of a given spatial dataset is the identification of important large-scale
spatial variation (deterministic trend) and important covariates; that is, we would like to identify
the components of x(·) in (2). If no variables (other than the variable of interest) are available, we
can at least examine whether Z(·) appears to be varying systematically with one or more of the
components of the spatial-location vector s ∈ Ds . This is usually done by plotting the data versus
spatial directions (e.g., Easting and Northing, here longitude and latitude) and examining the plots.
Other exploratory data analysis (EDA) techniques are described in Cressie (1993, Sect. 2.2). EDA
tools can be used to identify trend, check model assumptions, and in general to “get a feel for the
data.”
Once we have identified the components of the matrix X in (4), we estimate β using ordinary
least squares. That is, we find the β that minimizes the sum of the squared distance between the
data points {Z(si ) : i = 1, . . . , n} and the respective trend terms, {x(si )0 β : i = 1, . . . , n}. The
solution to this minimization problem is given by β̂ = (X 0 X)−1 X 0 Z. We then detrend the data,
Z̃ ≡ Z − X β̂;

(6)

we shall work with these detrended data (residuals) for the rest of this document.
In the XCO2-data example described in Section 1.2, we have s = (longitude, latitude)0 ; hence
we plot the data versus longitude and latitude. From the plots and also from expert knowledge
(Michalak, 2010), we know that the global distribution of XCO2 varies broadly according to a
latitudinal gradient for most of the year. Of course, we also want to include an intercept, and
so we set x(s) = (1, s2 )0 . For the dataset we created in Section 1.2, we obtained the estimate
β̂ = (375.6595, −0.0001)0 , which resulted in the detrended data Z̃, as described in (6).

2.2

Examine Normality of the Data

As a second step, we see whether the normality assumptions in Section 1.3 are (at least approximately) met. However, even without normality of the data, predictors based on our model are still
the best linear unbiased predictors (BLUPs). To check normality, we can look at normal-quantilequantile plots and plots of kernel-density estimates or histograms of the (detrended) data. With
very large datasets, it is almost always possible to find deviations from normality. If the data do
not appear to follow a normal distribution, even approximately, it is possible that they will after
a transformation, such as the log transformation or a transformation from the Box-Cox family
of transformations (Box and Cox, 1964); Shi and Cressie (2007) used the log transformation for
aerosol data from the MISR instrument on NASA’s Terra satellite.
5
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Figure 2: A histogram (left), a kernel density estimate (middle), and a plot of quantiles versus the
corresponding quantiles of a normal distribution (right) for the detrended data.
However, in our case, YP has some large values, and hence the detrended data Z̃ have a leftskewed distribution, with outliers on the right (see Figure 2). It does not seem possible to adjust for
this with a simple transformation. Nevertheless, FRK is justified as a spatial Best Linear Unbiased
Predictor (BLUP), and we proceed with the analysis. (The dataset is synthetic and used only for
illustration.)

2.3

The Basis Functions

Finally, before we can proceed with the actual analysis, we must specify the basis functions used
in the matrix S in (4). This usually means specifying the type, the number, and the locations of the
basis functions. Many options are possible, and we give some guidelines here. First, it is clear that
we want the number of basis functions, r, to be much smaller than the number of measurements, n,
in order for the SRE model to have any computational advantage over traditional kriging. Second,
it is recommended that the basis functions be of different resolutions, to capture different scales
of spatial variation. Each resolution contains a group of basis functions with the same smoothness
and range, but the range varies between resolutions. There are typically a few smooth basis functions with large support, and many “spiky” basis functions with small support. The locations of
the basis functions within a resolution should ideally cover the entire spatial domain of interest,
Ds , and the locations of the basis functions from two different resolutions should probably not
be coincident. Cressie and Johannesson (2008) used coincident basis functions, but we recommend avoiding this since it may introduce small oscillatory patterns in maps of (square root) mean
squared prediction errors. As for specifying the type of basis functions, possible choices include
bisquare functions, wavelets, indicator functions, empirical orthogonal functions, and harmonic
functions (see Antoulas, 2005; Wikle, 2010, for overviews). The bisquare basis functions are illustrated in Figures 3 and 4. Cressie and Johannesson (2008) recommend that the radius of a basis
function of a particular resolution be equal to 1.5 times the shortest distance between the center
points of any two basis functions of that resolution. (When the basis functions within a resolution
are not equidistant, Kang et al., 2011, modify this slightly.)
In addition, one might want to add a constant basis function despite the fact that the mean has
already been subtracted as part of the trend removal. This serves as an extra check, to make sure the
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Figure 3: A two-dimensional bisquare function as a 3-D plot (left) and as an image plot (right).
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Figure 5: The locations of the centers of the 396 basis functions of the three resolutions.
rest of the random effects (not corresponding to the constant basis function) indeed have a mean
of zero as specified in the model assumption. We have carried out some experiments that indicated
that, while the estimated variance of the random-effect coefficient corresponding to the constant
basis function is much lower than the estimated variances of the other random-effect coefficients,
adding the the extra constant basis function does not cause numerical instabilities in the estimation
of K or in the subsequent FRK that uses K̂ in place of K.
In the XCO2 data example described in Section 1.2, we chose r = 396 bisquare functions of 3
different resolutions. The 32 basis functions of resolution 1 have a great-arc radius of 6241km, the
92 functions of resolution 2 have a great-arc radius of 3491km, and the 292 functions of resolution
3 have a great-arc radius of 2047km. The locations of the basis-function centers are shown in
Figure 5.

3
3.1

Parameter Estimation
Specification/Estimation of the Measurement-Error Variance

The measurement-error variance consists of two components, σ2 and v (·). The latter quantity is
always assumed to be known, as explained in Section 1.3. It is also often the case that σ2 can be
specified in advance (e.g., from experiments with the measurement instrument). In cases where no
prior information on the variance is available, it is possible to estimate it from the semivariogram
near the origin. Define N (h) ≡ {(i, j) : ||si − sj || ∈ [h − δ, h + δ]}, the set of all indices corresponding to measurement-location pairs roughly a distance of h apart, for an arbitrarily chosen
8
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Figure 6: The estimated semivariogram, together with a straight line semivariogram fitted using
WLS (Cressie, 1985). The number in parentheses shows the number of pairs of data, |N (h)|, that
went into a bin located at h. Units on the x-axis are km (great-arc distance) and units on the y-axis
are (ppm)2 .
(discrete) range of values for the spatial lag h close to zero. The choice of the tolerance value
δ > 0 is a bias-variance-tradeoff problem (as are many problems in Statistics). The smaller the
δ, the smaller the systematic bias, but also the less observations there are in the set N (h) (which
increases the variance). It is advisable to try several values and to see which gives results that do
not result in highly fluctuating variogram estimates. The robust variogram estimator (Cressie and
Hawkins, 1980) is,
!4

Z̃(sj ) 0.5 .
1 X Z̃(si )
p
−p
0.457 + 0.494/|N (h)| ,
2γ(h) ≡
|N (h)|
v (sj )
v (si )
N (h)
where |N (h)| is the number of elements in N (h). To obtain an estimate of σ2 , we fit a straight line
to the estimated semivariogram using weighted least squares (WLS; see Cressie, 1985, for details),
and estimate σ2 as the line’s intercept (Kang et al., 2010) at h = 0. That is, we fit the straight line,
γ̂(h) = γ̂(0+) + bh, and estimate σ2 with:
σ̂2 = γ̂(0+).
In the XCO2-data example, the measurement-error variance is known to be σ2 = 0.25, since
the measurement error was simulated using that value. For illustration purposes, we estimated the
term from the variogram as described, allowing us to compare the estimate to what we know is
9

the truth, as a check. Using great-arc distances (Cressie, 1993, p. 265), we estimated the semivariogram and fitted a straight line as shown in Figure 6, where the bins’ endpoints are given by
{17, 20, 23, 26, 29} (km). The resulting estimate of σ2 was σ̂2 = 0.1738, an underestimate likely
caused by the relatively large grid cells associated with the PCTM; recall they are 1.25◦ longitude
by 1◦ latitude. For the remainder of this document, we used the true value, σ2 = 0.25.

3.2

Method-of-Moments Estimation of Spatial-Dependence Parameters

In this document, we shall feature two possible estimation procedures for the covariance matrix K
and the fine-scale-variation variance σξ2 : binned method-of-moments (MM) estimation (described
here) and maximum-likelihood (ML) estimation via the expectation-maximization (EM) algorithm
(described in Section 3.3). If we decide to estimate the parameters using binned method of moments as introduced in Cressie and Johannesson (2008), we have found the procedure to be much
more stable when σ̂ξ2 is estimated from the variogram. Let hs be the closest intersite distance between measurement-location pairs in the dataset, defined by the first bin chosen for the variogram
estimation in Section 3.1. Following Kang et al. (2010), we set,

1 X 
2
σ̂ξ,MM
≡
(Z̃(si ) − Z̃(sj ))2 − σ̂2 (v (si ) + v (sj ) /|N (hs )|.
(7)
2
N (hs )

2
Should this quantity be negative, we simply set σ̂ξ,MM
= 0.
To estimate K using MM, we first divide Ds into M bins, B1 , . . . , BM . To ensure stable
estimation, we recommend a minimum of 15 measurements in each bin. Each Bj has associated
with it an index set Ij ≡ {i : si ∈ Bj }. We then define the matrix,

Σ̂M ≡ (σ̂jl )j,l=1,...,M
through its elements,


avg{Z̃(si )2 : i ∈ Ij },
j = l,
(8)
avg{Z̃(si ) : i ∈ Ij } · avg{Z̃(si ) : i ∈ Il }, j 6= l,
P
where avg{x1 , . . . , xk } ≡ ki=1 xi /k. We define binned versions of the other quantities in (5),
namely S̄ ≡ [S̄01 , . . . , S̄0M ]0 , and D̄ ≡ diag(d¯1 , . . . , d¯M ), as follows:
σ̂jl ≡

S̄j ≡ avg{S(si ) : i ∈ Ij }, j = 1, . . . , M,
and
d¯j ≡ avg{σ̂ξ2 vξ (si ) + σ̂2 v (si ) : i ∈ Ij }, j = 1, . . . , M.
The MM estimate of the matrix K is the value of K that makes
Σ̄M ≡ S̄K S̄ 0 + D̄

(9)

as close as possible to Σ̂M , as measured
Pby the Frobenius norm. The Frobenius norm of a generic
matrix A ≡ (aij ) is defined as kAk ≡ i,j a2ij . The solution to this optimization problem is given
by,
K̂MM = R−1 Q0 (Σ̂M − D̄)Q(R−1 )0 ,
10

where S̄ = QR is the Q-R decomposition of S̄ (i.e., Q is an orthogonal matrix and R is an uppertriangular matrix).
If (Σ̂M − D̄) is not positive-definite, then K̂MM will not be positive-definite either. In this case,
we need to “lift” the eigenvalues, while at the same time we preserve the total variability (Kang
et al., 2010). Specifically, we lift the eigenvalues, λ1 , . . . , λM , of
A ≡ D̄−1/2 (Σ̂M − D̄)D̄−1/2 ,
such that the new eigenvalues, λ∗1 , . . . , λ∗M , are given by,

λ0 exp{a(λi − λ0 )}, λi < λ0
∗
λi =
λi ,
λi ≥ λ0 ,
where λ0 > 0 is chosen as the [(M − q)/M ]-quantile of {λ1 , . . . , λM }. Further, a > 0 is chosen
such that tr(Σ̂∗M ) = tr(Σ̂M ), where Σ̂∗M ≡ D̄1/2 A∗ D̄1/2 + D̄, and A∗ is the same as A but with
the new eigenvalues, {λ∗1 , . . . , λ∗M }. Kang et al. (2010) recommend choosing q = r, which leaves
the r + 1 largest eigenvalues unchanged, the smaller positive eigenvalues are decreased, and the
negative eigenvalues are increased to be positive (thus ensuring positive-definiteness). However,
sometimes λ0 is negative and/or it is impossible to preserve the total variability (i.e., there exists
no a > 0 such that tr(Σ̂∗M ) = tr(Σ̂M )) when q = r. In this case, we reduce q by one and try
again. We do this iteratively, until we have found a value for q (and therefore a value for λ0 ),
for which the total variability can be preserved. In extreme cases, we might even have to choose
λ0 > max{λ1 , . . . , λM }, which means that all of the original eigenvalues will be “lifted.”
Once we have succesfully modified all the eigenvalues to be positive, the positive-definite MM
estimate of K is then given by,
K̂MM = R−1 Q0 (Σ̂∗M − D̄)Q(R−1 )0 .
For the XCO2 data, the smallest bin for variogram estimation was [17, 20] (in km of greatarc distance). We consider all pairs of locations falling into this bin as approximately exhibiting
the distance hs in (7). This results in the following estimate of the fine-scale-variation variance:
2
σ̂ξ,MM
= 0.0889.
To obtain the MM estimate of K, we combined the original 1.25◦ × 1◦ grid into bins of size
7.5◦ × 5◦ (i.e., 6 × 5 = 30 grid cells per bin), resulting in potentially 1,728 bins. To achieve stable
estimation, we deleted all bins containing less than 15 observations. The remaining 953 bins were
used for estimation of K.
The original estimate, Σ̂M − D̄, was not positive-definite, so we lifted the eigenvalues as described above. However, it was not possible to preserve total variability with the default value
λ0 = [(M − r)/M ]-quantile. Applying the iterative procedure described above, we chose λ0 =
max{λ1 , . . . , λM } + 1, so that all eigenvalues are lifted and the traces are matched. This resulted
in a valid estimate, K̂MM , shown in Figure 7.

3.3

Parameter Estimation via the EM Algorithm

An alternative approach to parameter estimation in the SRE model is through maximum likelihood
(ML) estimation via the expectation-maximization (EM) algorithm (Katzfuss and Cressie, 2009).
11
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The EM algorithm is an iterative procedure that attempts to find the value of the parameter vector
that maximizes the likelihood function, which is defined as the probability density function of the
observed data as a function of the unknown parameters. To be more precise, the EM algorithm
finds a solution to the likelihood estimating equations. (The likelihood estimating equations are
obtained by setting the first derivative of the likelihood function with respect to the parameters to
zero.)
The EM algorithm begins with starting values, K [0] and σξ2 [0] , for the two parameters to be
estimated. Then, we iteratively update both parameters for t = 1, 2, . . . (until convergence):
K [t+1] = K [t] − K [t] S 0 Σ[t]−1 SK [t] + (K [t] S 0 Σ[t]−1 Z̃)(K [t] S 0 Σ[t]−1 Z̃)0
σξ2 [t+1] = σξ2 [t] + (σξ2 [t] )2 tr(Σ[t]−1 [Z̃Z̃0 Σ[t]−1 − In ]Vξ /n),
where Σ[t] ≡ SK [t] S 0 + σξ2 [t] Vξ + σ2 V , and Σ[t]−1 is shorthand for (Σ[t] )−1 . If σ2 is unknown, we
replace it by its estimate from Section 3.1; importantly, we do not attempt to estimate it within the
EM algorithm. Applying a Sherman-Morrison-Woodbury formula, inversion of Σ[t] only requires
inversion of the r × r matrix K [t] and the diagonal matrix D[t] ≡ σξ2 [t] Vξ + σ2 V :
Σ[t]−1 = D[t]−1 − D[t]−1 S[K [t]−1 + S 0 D[t]−1 S]−1 S 0 D[t]−1 .
Using this result and rearranging the resulting expression, the update of σξ2 can be written as:
σξ2 [t+1] = σξ2 [t] + (σξ2 [t] )2 tr([S 0 D[t]−1 Vξ D[t]−1 S][K [t]−1 + S 0 D[t]−1 S]−1 )/n
− (σξ2 [t] )2 tr(D[t]−1 Vξ )/n + (σξ2 [t] Vξ Σ[t]−1 Z̃)0 Vξ−1 (σξ2 [t] Vξ Σ[t]−1 Z̃).
Since this is an iterative algorithm, there needs to be a stopping rule. We want to stop the
algorithm at the iterate t = T , say, when any further change in how close the parameter estimates
are to the solution to the likelihood equations, is not large enough to warrant the computational
effort of carrying out another EM update. At this point, we say that the algorithm has converged.
2
We then set KEM = K [T ] and σξ,EM
= σξ2 [T ] . The easiest way to monitor convergence is to
stack all unique elements of K [t] and σξ2 [t] into a vector, θ [t] , and then stop the algorithm when
||θ [t+1] − θ [t] || < ζ, for some small pre-specified value ζ > 0. In the XCO2-data example, we set
ζ = 10−6 r2 ≈ 0.157, since there are on the order of r2 parameters in θ.
The choice of starting values in the EM algorithm can be important. For example, one could
use the MM estimates, from the previous subsection, or some other estimate or “guess” of the
parameter values. However, one does not always want to carry out the MM estimation procedure,
and thinking about what an appropriate starting value of K might look like can often be a daunting
task for large r. In those cases, one should at least ensure that the starting values are valid (i.e.,
K [0] must be symmetric and positive-definite, and σξ2 [0] must be positive); a default choice might
be K [0] = (0.9)V 2 Ir and σξ2 [0] = (0.1)V 2 , where V 2 ≡ Z̃0 Z̃/n.
If the assumptions of normal distributions for all quantities are correct, the EM estimators
should be more efficient than the MM estimators described in Section 3.2, resulting in a smaller
mean-squared error (MSE). Of course, real data never follow any distributional assumptions exactly, and so questions of robustness of the estimators arise. In principle, since the MM estimators
do not rely on any distributional assumptions, they should be more robust to departures from normal assumptions than the likelihood-based EM estimators (Zimmerman and Zimmerman, 1991).
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Figure 8: The EM estimate of the covariance matrix K in the XCO2-data example. (The matrix is
blocked according to the resolutions.)
However, our previous experience (Katzfuss and Cressie, 2009, 2011b) indicates that, in practice,
the EM estimators exploit spatial dependence in the data more accurately and precisely, and they
seem to be somewhat more stable in some situations where the data are sparse.
For the XCO2-data example, we assume no prior knowledge of the parameter values, and we
ran the EM algorithm with the default starting values K [0] = (0.9)V 2 Ir ≈ 1.61Ir and σξ2 [0] =
2
(0.1)V 2 = 0.18. The resulting estimates are σ̂ξ,EM
= 0.1018 and K̂EM , which is shown in Figure 8.
2
Compare this to σ̂ξ,MM = 0.0889, and the plot of K̂MM shown in Figure 7; the difference between
the two estimates will be explored in Section 5.
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4

Optimal Spatial Prediction (Kriging)

Once all parameters have been estimated, it is straightforward to obtain optimal spatial predictions
of the process of interest at any spatial location s0 ∈ Ds :
Ŷ (s0 ) ≡ E(Y (s0 )|Z) = µ(s0 ) + k(s0 )0 Σ−1 Z̃.

(10)

In the case of the SRE model (4), this is known as the Fixed Rank Kriging (FRK) predictor. In this
case, Σ is given by (5), and
k(s0 ) ≡ SKS(s0 ) + σξ2 vξ (s0 )I(s0 ∈ {s1 , . . . , sn }),

(11)

where all parameters are replaced by their (MM or EM) estimates obtained earlier. The FRK
predictor (10) is the posterior mean of Y (s0 ) (i.e., the mean of the true process at location s0 given
the data Z). It is an optimal predictor in that, if our model is correct, it minimizes the mean squared
error between the predictor and the true value. Again, the inverse of Σ = var(Z) = SKS 0 + D is
given by the Sherman-Morrison-Woodbury identity:
Σ−1 = D−1 − D−1 S[K −1 + S 0 D−1 S]−1 S 0 D−1 .
For each prediction, we can obtain an accompanying mean squared prediction error (MSPE),
σ̂ 2 (s0 ) ≡ E(Ŷ (s0 ) − Y (s0 ))2 = S(s0 )0 KS(s0 ) + σξ2 vξ (s0 ) − k(s0 )0 Σ−1 k(s0 ).
Recalling the definition of k(s0 ) in (11), we see that the MSPE is decreased if the prediction
location coincides with one of the data locations. By letting s0 vary over a fine grid defined on the
domain Ds , we obtain a map of predictions and an accompanying map of MSPEs.
In the XCO2-data example, we obtained FRK predictions and accompanying standard errors
(root MSPEs) using both MM estimates (Figure 9) and EM estimates (Figure 10). The difference
between the results from the two estimation methods are likely due to the fact that K̂MM is close to
singular, and so inversion of this matrix is numerically unstable. We shall explore the differences
between the two estimation methods’ results in Section 5.

5

Diagnostics

It is important to check the success of the estimation and the FRK predictions. This can be done
in various ways. Here, we have used two different estimation methods, MM and EM estimation,
and our diagnostics will involve a comparison of the two. We see that the MM and EM estimates
of K ≡ (kij ) are very different; the magnitude of the elements of K̂MM ≡ (k̂ij,MM ) in Figure 7
is around 430, and the magnitude of the elements of K̂EM ≡ (k̂ij,EM ) in Figure 8 is around 80.
Figure 11 gives a plot of {k̂ij,MM } versus {k̂ij,EM }. The magnitudes are clearly different, although
the pattern of relative values is similar.
We calculated the Frobenius norm described below (9) for both estimates of K: the norm
achieved by the EM estimates is 391.2822, which is higher than the value 332.5180 achieved by
the MM estimates, although this is to be expected.
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Figure 9: The FRK predictions and standard errors (root MSPEs) using the MM estimates.
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Figure 10: The FRK predictions and standard errors (root MSPEs) using the EM estimates. Note
that the color scales are different from those of Figure 9.
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Figure 11: Plot of {k̂ij,MM } versus {k̂ij,EM }.
Note that the EM estimates are derived based on assuming that the data follow a joint normal
distribution. We have seen in Section 2 that this assumption might not be justified for the XCO2
data, due to rather heavy tails in the empirical distribution of the data. Hence, we decided to
ascertain the effect of deleting the extreme observations in the tails (the 20 data points that were
farther than four standard deviations away from the mean). For this truncated dataset, we re-ran
the EM algorithm and found that the magnitude of the elements of the resulting K̂EM were still
around 80 (i.e., much lower than for K̂MM ).
Of course, cov(Y (s), Y (u)) is given by S(s)0 KS(u)0 + σξ2 I(s = u), and so the magnitude of
the estimated elements of K do not directly tell us what the estimated covariance structure is. We
compared diag(S K̂MM S 0 ) to diag(S K̂EM S 0 ), and the elements of the two vectors were of roughly
equal magnitude. As this summary only contains marginal variances (as opposed to covariances),
we chose to follow the diagnostics of Cressie and Johannesson (2008) and explore the estimated
covariance structures using plots of empirical directional root-semivariograms, together with their
theoretical counterparts (as estimated using MM and EM, respectively), at several reference points
on the globe (Figure 12).
The theoretical root-semivariogram evaluated at two locations, s1 and s2 , for the SRE model is
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given by,
p

1
0.5
E([Z(s1 ) − Z(s2 )]2 )
2
1 
= √ ((x(s1 ) − x(s2 ))0 β)2 + (S(s1 ) − S(s2 ))0 K(S(s1 ) − S(s2 ))
2
0.5
+ I(s1 6= s2 ) σξ2 (vξ (s1 ) + vξ (s2 )) + σ2 (v (s1 ) + v (s2 ))
.

γ(s1 , s2 ) ≡

The theoretical quantities are estimated and plotted in Figure 12; they are obtained by replacing
β with β̂ (from Section 2.1) and K and σξ2 with their MM and EM estimates, respectively. Also,
γ(s, s) ≡ 0 for any s, but the first value of each of the root-semivariograms in Figure 12 is almost
on the vertical axis, not exactly so.
It can be seen from Figure 12 that the estimated covariance structures are more similar than
the (very different) MM and EM estimates of K would suggest. However, overall, the estimated
covariance structure using the EM estimates is closer to the empirical structure implied by the data,
than the estimated structure using the MM estimates. The problems with the latter (e.g., in the top
left panel) might be due to the eigenvalue lifting that was rather severe, in order to ensure that K̂MM
was positive-definite and total variability was preserved (see Section 3.2).

6

Possible Extensions

6.1

Generalization of the Distribution of the Fine-Scale Variation

The function vξ (·), which determines the variance heterogeneity of the fine-scale variation, is assumed known, but this assumption could be relaxed. One could assume that vξ (·) is a function of
the form,
vξ (·) = exp{Sξ (·)0 ψ},
where Sξ (·) is a vector of rξ basis functions, much like S(·), and ψ are unknown parameters. For
example, we could set Sξ (·) to be the first resolution of basis functions in S(·). For the vector of
basis-function coefficients, we could then estimate the parameters in an EM algorithm. A good
starting value is ψ [0] = 0 and ψ could be estimated in the EM algorithm by adding one extra
update:
ψ [t+1] = ψ [t] − A−1 b,
where
b = Sξ0 (In − Λ/σξ2 )1n
A = Sξ0 ΛSξ /σξ2 ,
and Λ ≡ diag({Eθ[t] (ξ(si )2 |z) exp(−Sξ (si )0 ψ [t] ) : i = 1, . . . , n}). For more details, see Katzfuss
and Cressie (2011a).

6.2

Non-Point Support

Until now, we have assumed that both measurements and predictions are at point-level support s.
In reality, measurements are often made at an aggregated level. For example, satellite instruments
19
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Figure 12: Directional root-semivariograms at various reference points in longitudinal (left column) and latitudinal (right column) directions. Blue circles: Empirical root-semivariograms. Red
dashed lines: Theoretical root-semivariograms using the MM estimates. Black solid lines: Theoretical root-semivariograms using the EM estimates.
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typically have a “footprint”; that is, their measurements are really averages or integrals over small
areas. To accommodate this in the model, we can specify the model at a very fine grid of areas
that are so small that they can be considered to be the same as point locations, for all practical
purposes. These very small areas are called basic areal units (BAUs) by Nguyen et al. (2010).
After evaluating the trend functions, x(·), and the basis functions, S(·), at each of the BAUs, we
then simply average over all BAUs within a given footprint S for which a measurement is available:
x(S) ≡

X
1
x(s)
|D̃s ∩ S|
s∈D̃s ∩S

and
S(S) ≡

X
1
S(s),
|D̃s ∩ S|
s∈D̃s ∩S

where D̃s denotes the grid of BAUs over Ds . This same averaging can also be done for ξ(·) in (3)
and (·) in (1), so that vξ (S) in (3) and v (S) in (1) are then inversely proportional to the number
of BAUs in a given footprint S.
If predictions at an aggregated level are also of interest, we can make predictions for each of the
BAUs and then average over all predicted values corresponding to the BAUs within a prediction
region of interest. The prediction variances are obtained from the BAUs’ prediction variances and
covariances. Further details of the use of BAUs can be found in Nguyen et al. (2010).

7

Matlab Code

We have made available Matlab code that can be used to carry out the computations described
above; the website
http://www.stat.osu.edu/˜sses/collab_co2.html
can be consulted. Specifically, the files FRK.m, EM.m, variogram estimation.m, and
binest.m contain Matlab functions implementing, respectively, FRK, EM estimation for FRK,
estimation of σ2 and σξ2 based on the variogram, and MM estimation for FRK. The function
Create S.m creates the matrix of basis functions. The function binest.m relies on support
functions bin.m and trvar.m.
In addition, we have included a file called xco2analysis.m, which contains code for the
analysis of the XCO2-data example (called xco2data.mat) used in this document, and it gives
an example of how to call the functions above.
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