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Abstract

In the correspondence analysis literature, the foundations of visually

and numerically summarising the association between two categorical vari-

ables rest with Pearson’s chi-squared statistic. Not only is this statistic

extremely popular and versatile, and yields some very useful visual and

numerical properties. More recently, ties have been established that show

the role that the Freeman-Tukey statistic plays in correspondence analy-

sis and confirmed the advantages of the Hellinger distance that have long

been advocated in the literature. Both Pearson’s and the Freeman-Tukey

statistics are special cases of the Cressie-Read divergence statistic, as are

the Cressie-Read statistic, the likelihood ratio statistic and their modified

versions. Therefore, this paper explores the features of correspondence

analysis where the association, and the resulting low-dimensional corre-

spondence plot, have at its foundation this divergence statistic. By do-

ing so, this paper describes the properties of correspondence analysis for

any special case of the Cressie-Read divergences statistic which includes

as special cases the Hellinger distance decomposition (HDD) method and

log-ratio analysis (LRA).
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1 Introduction

Correspondence analysis is a very popular means of visually analysing the asso-

ciation between two or more catagorical variables. There has been a vast amount

written about it in the statistical, and allied, literature. For example, Nishisato

(1980, Section 1.2), Lebart, Morineau, and Warwick (1984), Greenacre (1984),

Birks, Peglar, and Austin (1996), Beh (2004) and Beh and Lombardo (2012,

2014, 2019) all provide comprehensive historical, technical, computational and

bibliographical reviews of this technique. While the key feature from performing

correspondence analysis is the visualisation of the nature of categorical associ-

ation, a reason for its strong appeal is that the association is most commonly

quantified in terms of Pearson’s chi-squared statistic (Pearson, 1904). One may

also refer to Plackett (1983) for a description of Karl Pearson’s development of

this statistic.

While Pearson’s chi-squared statistic dominates much that has been written

in the categorical data analysis (and related) literature, it is certainly not the

only measure that one may use to assess whether there exists a statistically

significant association between two or more categorical variables. Much has been

discussed about some of the alternatives, including the likelihood ratio statistic

(Wilks, 1938) and the Freeman-Tukey statistic (Freeman & Tukey, 1950). Despite

this, very little work has been done that explores the link between measures

such as these and their role in correspondence analysis. With these (and other)

statistics being a special case of the Cressie-Read divergence statistic (Cressie

& Read, 1984), this provides the categorical data analyst with some scope to

explore further the way in which their data is associated. Therefore, rather

than performing correspondence analysis by using just Pearson’s statistic, this

paper shows that a broader perspective can be gained by using the Cressie-

Read divergence statistic to perform correspondence analysis. In doing so we

can gain a meaningful understanding of distances between points depicted in a

low-dimensional space, better understand the implications of using this statistic

for modelling the association between the variables, and gain insight into how to

improve the quality of a low-dimensional display (while also identifying when a

poor quality plot arises).

Therefore, this paper will describe how correspondence analysis can be per-

formed where the association is quantified in terms of the divergence statistic.

The advantage of doing so is that correspondence analysis can be generalised for
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any measure of association that belongs to the Cressie-Read divergence statistic,

thereby extending the analysis beyond Pearson’s statistic. To describe this tech-

nique, we do so in the following seven sections. Section 2 gives a brief description

of the Cressie-Read divergence statistic and five of the most popular special cases.

We also provide some perspective of the divergence statistic as a sum-of-squares

measure involving a general residual, called the divergence residual, that relies on

a parameter δ; changes in δ lead to special cases of the divergence statistic. Some

further comments on the divergence residual are made in Section 3 while Sec-

tion 4 demonstrates how correspondence analysis can be applied to this residual.

In particular, we describe the application of singular value decomposition and

the various properties that stem from this approach; such properties include the

definition and interpretation of principal coordinates, their distance from each

other (or the origin) in a low-dimensional space and their role in modelling the

association between the categorical variables. In Section 5 we show how partic-

ular values of δ lead to techniques that currently exist and to new variants that

have yet to be explored in any significant detail. For example, we show that

when δ = 1 the using the divergence residual leads to the traditional approach

to correspondence analysis. We also show that when δ = 1/2, our framework

shares similar features with the Hellinger distance decomposition (HDD) method

of Cuadras and Cuadras (2006) and leads to the correspondence analysis method

based on the Freeman-Tukey statistic; see Beh, Lombardo, and Alberti (2018).

We also show that when δ = 0, the total inertia can be expressed using the

modified likelihood ratio statistic and expands upon Greenacre’s (2009) “power

family 2” form of log-ratio analysis (LRA). In Section 6 we discuss in more detail

the links that exist between the correspondence analysis using the Cressie-Read

divergence statistic and HDD and LRA. In doing so, we provide more insight into

these two methods than was originally described by Cuadras and Cuadras (2006)

and Greenacre (2009).

We demonstrate the application of this technique in Section 7 by studying

the self-evaluation data collected from two consecutive Young-HUNT studies

(Holmen et al., 2014). In doing so, we evaluate the benefits of using the di-

vergence statistic as the foundation of performing correspondence analysis by

comparing the configuration of points in a low-dimensional space, and other fea-

tures, for specific values of δ. We also demonstrate how this technique can be used

to determine the “best” and “worst” quality two-dimensional visual summary of

the association. From the “best” plot that can be obtained, we examine other
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aspects of the analysis including the interpretation of distances and the construc-

tion of association models. We provide some final remarks on the technique in

Section 8.

2 The Cressie-Read Divergence Statistic

2.1 The Statistic

Consider an I×J two-way contingency table, N, where the (i, j)th cell entry has

a frequency of nij for i = 1, 2, . . . , I and j = 1, 2, . . . , J . Let the grand total of

N be n and let the matrix of relative frequencies be P so that its (i, j)th cell entry

is pij = nij/n where
∑I

i=1

∑J
j=1 pij = 1. Define the ith row marginal proportion

by pi• =
∑J

j=1 pij. Similarly, define the jth column marginal proportion as p•j =∑I
i=1 pij.

To determine whether there exists a statistically significant association be-

tween the row and column variables, one may calculate any number of measures.

Five of the most common measures that are used for such a purpose include

X2 = n
I∑

i=1

J∑
j=1

(pij − pi•p•j)
2

pi•p•j

G2 = 2n
I∑

i=1

J∑
j=1

pij ln

(
pij

pi•p•j

)

T 2 = 4n
I∑

i=1

J∑
j=1

(√
pij −

√
pi•p•j

)2

N2 = n
I∑

i=1

J∑
j=1

(pij − pi•p•j)
2

pij

M2 = 2n
I∑

i=1

J∑
j=1

pi•p•j ln

(
pi•p•j
pij

)

which are, respectively, Pearson’s chi-squared statistic (Pearson, 1904), the log-

likelihood ratio statistic (Wilks, 1938), the Freeman-Tukey statistic (Freeman &

Tukey, 1950), the modified chi-squared statistic (Neyman, 1940, 1949) and the

modified log-likelihood ratio statistic (Kullback, 1959). All these statistics are

chi-squared random variables with (I − 1) (J − 1) degrees of freedom and can all

be expressed in terms of pij/ (pi•p•j) which is the Pearson ratio of the (i, j)th

cell of the contingency table. Note that it is just the ratio of the observed cell
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proportion to what is expected under independence; see Goodman (1996). Beh

(2004) and Beh and Lombardo (2014, pg. 123) used this ratio in the context of

correspondence analysis while Greenacre (2009) refers to it as a contingency ratio

in his description of LRA.

Another feature that these measures of association share is that they are

special cases of the Cressie-Read divergence statistic (Cressie & Read, 1984)

which, for a two-way contingency table, is defined as

CR (δ) =
2

δ (δ + 1)

I∑
i=1

J∑
j=1

nij


(

nij

npi•p•j

)δ

− 1

 . (1)

Here, δ is the parameter of interest and lies within the interval δ ∈ (−∞, ∞).

The general nature of (1) ensures that specific values of δ lead to specific mea-

sures of association, all of which are chi-squared random variables. These in-

clude Pearson’s chi-squared statistic, the log-likelihood ratio statistic, and the

Freeman-Tukey statistic which are X2 = CR(δ = 1), G2 = CR(δ = 0) and T 2 =

CR (δ = −1/2), respectively. The modified chi-squared statistic and the modified

log-likelihood ratio statistic are also special cases such that N2 = CR(δ = −2)

and M2 = CR(δ = −1), respectively.

At the suggestion of F. J. Anscombe in a private communication in 1985, Read

and Cressie (1988, pg. 93) proposed the following amendment to their statistic

CR (δ) =
2

δ (δ + 1)

I∑
i=1

J∑
j=1

nij

( nij

npi•p•j

)δ

− 1

+ δ (npi•p•j − nij)

 . (2)

Note that (2) leads to the same quantity given by (1) since, under the hypothesis

of independence,
I∑

i=1

J∑
j=1

(npi•p•j − nij) = 0 .

The advantage of considering (2) instead of (1) is that (2) can be expressed

as a weighted sum-of-squares quantity which makes it suitable for performing

correspondence analysis; we discuss this in more detail in Section 2.2. Irrespective

of the choice of δ, for a given level of significance α, the statistical significance of

the association may be tested by comparing CR (δ) with the 1− α percentile of

the chi-squared distribution with (I − 1) (J − 1) degrees of freedom.

In the context of goodness-of-fit testing for categorical variables, Cressie and

Read (1984) suggest that the most appropriate values of δ to choose from are

those that lie within the interval [0, 3/2]. For a two-way contingency table where
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n > 10 and min (npi•p•j) > 1 for all i = 1, 2, . . . , I and j = 1, 2, . . . , J ,

they advised that an appropriate choice of δ is 2/3. Such a value leads to the

chi-squared random variable

CR = CR
(
δ =

2

3

)
=

9n

5

I∑
i=1

J∑
j=1

pij

( pij
pi•p•j

)2/3

− 1

 (3)

which is commonly referred to as the Cressie-Read statistic.

2.2 Approximation to the Divergence Statistic

Read and Cressie (1988, pg. 94 – 95) demonstrate that a second order Taylor

series approximation of (2) around (pij/ (pi•p•j))
δ = 1 is

CR (δ) ≈ CR∗ (δ) =
n

δ2

I∑
i=1

J∑
j=1

(
pδij − (pi•p•j)

δ
)2

(pi•p•j)
2δ−1 . (4)

Note that this approximation preserves the double centring of the the pδij values

through its expected value under independence, (pi•p•j)
δ, for all δ. Note also that

(4) can be alternatively, and equivalently, expressed as a power transformation

of the Pearson ratio’s such that

CR∗ (δ) = n
I∑

i=1

J∑
j=1

pi•p•j

1
δ

( pij
pi•p•j

)δ

− 1

2 . (5)

Equation’s (4) and (5) show that the divergence statistic can be approximated

by a weighted sum-of-squares of the power transformation of the ratio of the

observed cell proportions compared to what is expected under the hypothesis of

independence. Power transformations have been discussed in the correspondence

analysis literature in the past; one may refer to Cuadras and Cuadras (2006),

Cuadras, Cuadras, and Greenacre (2006) and Greenacre (2009, 2010) as key

examples of this research. However, as we shall discuss further in Section 6, tying

together the links between the divergence statistic and power transformations has

not been discussed before, at least to the best of our knowledge.

Before we move on to the derivation of the various features of correspondence

analysis using (5), the special cases that we will be considering, δ = 0, 1/2 and

δ = 1, lead to measures of association that are equivalent to those defined using

(2). That is, for δ = 0, (5) gives Kullback’s (1959) modified log-likelihood ratio

statistic, M2 = CR∗ (0) = CR (−1); this result can be obtained by determining
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the limiting value of CR∗ (δ) as δ → 0. Similarly, when δ = 1, the resulting

measure of association is Pearson’s chi-squared statistic, so that X2 = CR∗ (1) =

CR (1). For the Freeman-Tukey statistic, T 2 we yield such a measure when δ =

1/2 so that T 2 = CR∗ (1/2) = CR (−1/2). We shall also be looking at a fourth

case, when δ = 2/3, such that (4) and (5) give a second order approximation of

(3).

Read and Cressie (1988, pg. 96) point out, when choosing the appropriate

value of δ to use,

Departures involving large ratios of the alternative to null expected

frequencies in one or two cells are best detected using large values of

δ, say δ = 5.

Therefore, large values of δ may be chosen to identify those cell’s of a con-

tingency table that exhibit very large, positive, Pearson ratio’s; that is, when

pij/ (pi•p•j) >> 1. Using the notation adopted here, they also advocate choosing

a large negative value of δ (such as δ = −5) when the Pearson ratio’s are close

to zero. Read and Cressie (1988, pg. 97) also point out that δ close to 0 is not

recommended when assessing the overall deviation of the cell frequencies from

independence, instead suggesting that δ be chosen from the interval [1/3, 2/3];

such an argument gives credence to their choice of δ = 2/3.

3 Special Cases of the Divergence Residual

3.1 The Divergence Residual

To visualise the association between the categorical variables of a two-way con-

tingency table, the traditional approach to correspondence analysis quantifies the

total inertia by ϕ2 = X2/n; here X2 is Pearson’s chi-squared statistic. As Section

2 shows, Pearson’s chi-squared statistic is a special case of the Cressie-Read diver-

gence statistic. Therefore, a more general framework of correspondence analysis

can be adopted that quantifies the total inertia by ϕ2 (δ) = CR∗ (δ) /n for any

given value of δ. Therefore, from (5), a generalisation of the total inertia is

defined such that

ϕ2 (δ) =
I∑

i=1

J∑
j=1

pi•p•j

1
δ

( pij
pi•p•j

)δ

− 1

2 .
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Let

rij (δ) =

√
pi•p•j

δ

( pij
pi•p•j

)δ

− 1

 (6)

be referred to as the divergence residual of the (i, j)th cell of the contingency

table. Then the sum-of-squares of these residuals gives the total inertia

ϕ2 (δ) =
I∑

i=1

J∑
j=1

r2ij (δ) .

We now provide an overview of the various special cases of the divergence residual

that can be obtained by focusing on four specific values of δ; δ = 0, 1/2, 2/3 and

1. Of course, other values of δ lead to other special cases which can also be

considered.

3.2 The Pearson Residual: δ = 1

When δ = 1 the divergence residual, (6), simplifies to the Pearson residual of the

(i, j)th cell such that

rij (1) =
√
pi•p•j

(
pij

pi•p•j
− 1

)
=

pij − pi•p•j√
pi•p•j

.

Note that the sum-of-squares of these residuals gives the total inertia, X2/n =

ϕ2 (1), which is used as the basis for quantifying the association between two

categorical variables in the traditional approach to correspondence analysis.

3.3 The Modified Log-Likelihood Ratio Residual: δ = 0

The divergence residual, (6), does not exist when δ = 0. However, we can deter-

mine the limiting value of the residual as δ → 0 by first noting that, using the

Box-Cox transformation,

ln

(
pij

pi•p•j

)
=

lim

δ → 0

1

δ

( pij
pi•p•j

)δ

− 1

 . (7)

Therefore, the limiting value of the residual as δ approaches zero is

rij (0) =
√
pi•p•j ln

(
pij

pi•p•j

)

= −√
pi•p•j ln

(
pi•p•j
pij

)
(8)
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and is the modified log-likelihood ratio residual. It is termed as such since the sum-

of-squares of these residuals gives the total inertia, M2/n, where M2 = CR∗ (0).

Except for the presence of the negative sign, rij (0) is the same quantity whose

sum-of-squares leads Greenacre (2009, equation (12)) who described the method

of LRA; more will be said on the link (6) and LRA in Section 6.

The residual (8) may also be derived from the first order Taylor series expan-

sion of the natural logarithm; ln x ≈ x− 1, for 0 < x ≤ 2. Therefore

ln

(
pij

pi•p•j

)
≈ pij

pi•p•j
− 1

and is valid when 0 < pij/ (pi•p•j) ≤ 2, so that the expansion applies for a

Pearson ratio centred around 1 (which coincides with independence for all cells).

Cuadras et al. (2006) used this approximation to compare the HDD method of

Cuadras and Cuadras (2006) with the traditional approach to correspondence

analysis, although no link was made between the residual and any measure of

total inertia.

By applying this logarithm approximation to (8), rij (1) is a first order ap-

proximation of rij (0); the changes in the features of correspondence analysis as

one moves from the log-transformation to the linear case (akin to δ moving from

0 to 1) is the key to the discussion of LRA made by Greenacre (2009).

3.4 “Freeman-Tukey” Residual: δ = 1/2

The divergence residual, (6), simplifies to the Freeman-Tukey residual when δ =

1/2 which is defined as

rij

(
1

2

)
= 2

(√
pij −

√
pi•p•j

)
.

Beh et al. (2018) demonstrated the utility and applicability of using this resid-

ual for performing correspondence analysis. They also showed that the sum-of-

squares of these residuals gives the total inertia, T 2/n of the contingency table.

Applying a singular value decomposition (SVD) to the matrix of these residu-

als leads to the Hellinger Distance Decomposition (HDD) method described by

Cuadras and Cuadras (2006). However, no link was made between these residuals

and the Freeman-Tukey statistic by the authors. Section 6 discusses some points

of overlap, and some differenced that exist, between the correspondence analysis

technique described by Beh et al. (2018) and the HDD method of Cuadras and

Cuadras (2006).

9



3.5 “Cressie-Read” Residual: δ = 2/3

Consider now δ = 2/3. Then the divergence residual (6) simplifies to the Cressie-

Read residual defined by

rij

(
2

3

)
=

3

2

I∑
i=1

J∑
j=1

√
pi•p•j

( pij
pi•p•j

)2/3

− 1

 .

In this case the total inertia of the contingency table can be expressed as the sum

of squares of these residuals such that

ϕ2
(
2

3

)
=

CR

n
= n

I∑
i=1

J∑
j=1

r2ij

(
2

3

)

We shall explore the correspondence analysis of a two-way contingency table

using this total inertia in Section 5.4.

4 Correspondence Analysis and the Divergence

Residual

4.1 SVD of the Divergence Residual

Recall that the traditional approach to simple correspondence analysis quantifies

the association between categorical variables using the total inertia based on

Pearson’s chi-squared statistic. Therefore, since the X2 is a special case of (6)

when δ = 1 – see Section 3.2 – this suggests that a more general framework of

correspondence analysis can be considered. Such a framework involves not just

applying a SVD to the matrix of Pearson residuals but it can also be made by

applying it to the matrix of divergence residuals. In doing so, the correspondence

analysis of a two-way contingency table can be performed using any member of

the Cressie-Read divergence statistic. For the (i, j)th cell of the contingency

table, SVD is applied to rij (δ) so that

√
pi•p•j

δ

( pij
pi•p•j

)δ

− 1

 =
M∗∑
m=1

aim (δ)λm (δ) bjm (δ) . (9)

Here aim (δ) and bjm (δ) is the ith and jth element, respectively, of the mth left

and right singular vectors of the matrix of divergence residual for some value of
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δ. These elements are constrained by

I∑
i=1

aim (δ) aim′ (δ) =

 1 m = m′

0 m ̸= m′ ,
J∑

j=1

bjm (δ) bjm′ (δ) =

 1 m = m′

0 m ̸= m′ .

(10)

Similarly, λm (δ) is the mth largest singular value of the matrix of divergence

residuals for a given δ where these values are arranged in descending order so

that 1 > λ1 (δ) > λ2 (δ) > . . . , λM∗ (δ) > 0. The value of M∗ depends on the

choice of δ; when δ = 0 or δ = 1, M∗ = min (I, J) − 1 while M∗ = min (I, J)

for all other values of δ. Such a specification of M∗ is also consistent with the

comments made by Cuadras and Cuadras (2006) (in their discussion of HDD) and

Greenacre (2009) (in his discussion of LRA) for δ = 1/2 and δ = 1, respectively.

We shall describe this feature further in Section 6.

Note that by rearranging (6) we obtain the generalised SVD (GSVD) of the

adjusted divergence residual

r∗ij (δ) =
1

δ

( pij
pi•p•j

)δ

− 1

 =
M∗∑
m=1

a∗im (δ)λ∗
m (δ) b∗jm (δ) (11)

where λ∗
m (δ) = λm (δ), a∗im (δ) = aim (δ) /

√
pi• and b∗jm (δ) = bjm (δ) /

√
p•j. Here

I∑
i=1

pi•a
∗
im (δ) a∗im′ (δ) =

 1 m = m′

0 m ̸= m′ (12)

and
J∑

j=1

p•jb
∗
jm (δ) b∗jm′ (δ) =

 1 m = m′

0 m ̸= m′ . (13)

These results can help simplify our discussion of the features of correspondence

analysis where the total inertia is measured in terms of δ. We now discuss some

of these properties.

4.2 Principal Coordinates

To visually summarise the association between the row and column variables of

N, a low-dimensional correspondence plot can be constructed by plotting the

principal coordinate of the ith row and jth column category along the mth axis

using their principal coordinate

fim (δ) = a∗im (δ)λ∗
m (δ) (14)

gjm (δ) = b∗jm (δ)λ∗
m (δ) (15)
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respectively. By jointly displaying these coordinates, one can gain an understand-

ing of how particular row and column categories are linked. When the visual

display consists of M∗ dimensions it is referred to as an optimal correspondence

plot, otherwise it is a low-dimensional space usually consisting of two dimensions

(for ease of visualisation).

The constraints imposed upon a∗im (δ) and b∗jm (δ), defined by (12) and (13),

lead to the following properties of the principal coordinates

I∑
i=1

pi•fim (δ) fim′ (δ) =

 λ2
m (δ) m = m′

0 m ̸= m′

J∑
j=1

p•jgjm (δ) gjm′ (δ) =

 λ2
m (δ) m = m′

0 m ̸= m′ .

where λ2
m (δ) is the principal inertia of the mth dimension of the correspondence

plot. Therefore, irrespective of the choice of δ, the first dimension reflects (propor-

tionally) more of the association than any other dimension in the correspondence

plot. In fact, the total inertia, ϕ2 (δ) = CR (δ) /n, is expressible in terms of these

squared singular values and principal coordinates by

ϕ2 (δ) =
M∗∑
m=1

λ2
m (δ) =

M∗∑
m=1

I∑
i=1

pi•f
2
im (δ) =

M∗∑
m=1

J∑
j=1

p•jg
2
jm (δ)

While the principal coordinates, (14) and (15), can be used to visually sum-

marise the association, there are other coordinates systems that can be used.

These include the use of lambda-scaling described by Gower, Lubbe, and Le Roux

(2011, Section 2.3.1) and Beh and Lombardo (2014, pg. 195). Alternatively, one

may construct a biplot which has been described in considerable detail in the

correspondence analysis literature by Greenacre (2010, Chapters 7 & 8), Gower

et al. (2011) and Beh and Lombardo (2014, Section 4.5.3). We shall confine our

attention here to visualising the association using principal coordinates.

4.3 Distance Measures

Now that we have defined the row and column profile coordinates, we turn our

attention to their distance from the origin, and from each other, in the correspon-

dence plot. While such distances apply to the set of row and column categories,

we focus only on row point distances.
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4.3.1 Distance from the Origin

Consider the power transformation of the ith centred row profile that takes the

form (pi1
pi•

)δ

− pδ•1, . . . ,

(
pij
pi•

)δ

− pδ•j, . . . ,

(
piJ
pi•

)δ

− pδ•J

 .

The jth element of this profile can be expressed in terms of the transformed

Pearson ratio such that(
pij
pi•

)δ

− pδ•j = pδ•j

( pij
pi•p•j

)δ

− 1

 .

Therefore, its (weighted) squared Euclidean distance from zero is

d2I (i, 0; δ) =
1

δ2

J∑
j=1

1

p2δ−1
•j

(pij
pi•

)δ

− pδ•j

2 (16)

=
1

δ2

J∑
j=1

1

pi•

(
(pij)

δ − (pi•p•j)
δ
)2

(pi•p•j)
2δ−1

=
J∑

j=1

p•j

1
δ

( pij
pi•p•j

)δ

− 1

2 . (17)

The term 1/
(
δ2p2δ−1

•j

)
in (16) is the weight chosen to accommodate for the value

of δ under consideration and ensures that a meaningful interpretation of these

distance measures can be made. To show that such a meaningful distance inter-

pretation is gained, d2I (i, 0; δ) can also be expressed as the squared Euclidean

distance of a row point from the origin in the correspondence plot. This can be

shown by substituting the right hand side of (11) into (17) resulting in

d2I (i, 0; δ) =
J∑

j=1

p•j

(
M∗∑
m=1

a∗im (δ)λm (δ) b∗jm (δ)

)2

=
M∗∑
m=1

 J∑
j=1

p•j
(
b∗jm (δ)

)2 (a∗im (δ)λm (δ))2

=
M∗∑
m=1

(f ∗
im (δ))2

and is the squared-Euclidean distance of the ith row category from the origin

in the correspondence plot. Since the Cressie-Read divergence statistic can be

13



expressed in terms of the Pearson ratio’s - see equation (4) - then it can also be

expressed in terms of this distance measure by

CR∗ (δ) = n
I∑

i=1

pi•d
2 (i, 0; δ) = n

I∑
i=1

M∗∑
m=1

pi• (f
∗
im (δ))2 .

This shows that, irrespective of the choice of δ, if all of the principal coordinates

along all dimensions lie at the origin of the correspondence plot then the total

inertia, and hence the Cressie-Read divergence statistic, is zero. The further

away from the origin a point lies, the more dominant their contribution is to the

association between the categorical variables.

4.3.2 Interpoint Distances

Consider now the squared distance between the ith and i′th row profiles for some

value of δ. This distance is

d2I (i, i
′; δ) =

1

δ2

J∑
j=1

1

p2δ−1
•j

(pij
pi•

)δ

− pδ•j

−

(pi′j
pi′•

)δ

− pδ•j

2

=
1

δ2

J∑
j=1

1

p2δ−1
•j

(pij
pi•

)δ

−
(
pi′j
pi′•

)δ
2 (18)

and may also be expressed in terms of the power transformation of the (i, j)th

Pearson ratio of the ith and i′th rows such that

d2I (i, i
′; δ) =

1

δ2

J∑
j=1

p•j

( pij
pi•p•j

)δ

−
(

pi′j
pi′•p•j

)δ
2

(19)

=
J∑

j=1

p•j

1
δ

( pij
pi•p•j

)δ

− 1

− 1

δ

( pi′j
pi′•p•j

)δ

− 1

2 . (20)

This distance measure is equivalent to (Greenacre, 2009, equation (17)) in his

description of power transformations in correspondence analysis, although δ was

restricted to lie within the interval [0, 1].

Substituting the right hand side of (11) into (20) yields

d2I (i, i
′; δ) =

J∑
j=1

p•j

[
M∗∑
m=1

(a∗im (δ)λ∗
m (δ)− a∗i′m (δ)λ∗

m (δ)) b∗jm (δ)

]2

=

[
M∗∑
m=1

(
f 2
im (δ)− f 2

i′m (δ)
)]2 J∑

j=1

p•j
(
b∗jm (δ)

)2
=

M∗∑
m=1

(
f 2
im (δ)− f 2

i′m (δ)
)2
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and is the squared-Euclidean distance between the ith and i′th row profiles in the

correspondence plot. This result shows that if two row profiles (whose elements

are raised to the power of δ) are equivalent then they will share identical positions

in the correspondence plot. Similarly, two points that have an identical position

in the correspondence plot means that their profiles have identical distributions.

Such a features ensures that, irrespective of the choice of δ, the property of

distributional equivalence holds.

It is worth pointing out that (19) is just equation (13) of Cuadras and Cuadras

(2006) where δ is akin to their power “parameter” 1 − α. Using the notation

adopted here, the study of power transformations in correspondence analysis by

Cuadras and Cuadras (2006) confined their attention to values of δ ∈ [0.5, 1].

They also showed that the property of distributional equivalence is satisfied in

their framework. They also continued their discussion by proposing a measure

of agreement between the traditional approach to correspondence analysis (when

δ = 1) and their framework (when δ = 1/2). We shall not discuss this issue

further but feel that it is certainly a worth investigating in the future.

4.4 The Divergence Correlation Model

For the (i, j)th cell of a contingency table, any departure from independence

between the variables can be assessed by quantifying the difference between the

observed cell proportion and what is expected under the hypothesis of indepen-

dence. Such a departure may also be determined by quantifying how different pδij
is to (pi•p•j)

δ or, equivalently, by assessing how different the divergence residual

is from zero. To do so, rearranging (11) leads to the saturated correlation model

for the (i, j)th cell proportion, pij ≡ pij (δ),

pij (δ) = pi•p•j

(
1 + δ

M∗∑
m=1

a∗im (δ)λ∗
m (δ) b∗jm (δ)

)1/δ

(21)

where a∗im (δ) and b∗jm (δ) are constrained by (12) and (13) respectively.

Equation (21) shows that, irrespective of δ, when the row and column vari-

ables are completely independent (so that λm (δ) = 0 for m = 1, . . . , M∗) then

pij (δ) = pi•p•j as expected, for i = 1, 2, . . . , I and j = 1, 2, . . . , J .

By using the row and column principal coordinates defined by (14) and (15)
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pij may be estimated, for any δ, from

pij (δ) = pi•p•j

(
1 + δ

M∗∑
m=1

fim (δ) gjm (δ)

λ∗
m (δ)

)1/δ

(22)

and is the saturated correspondence model of the Cressie-Read divergence statis-

tic. This model confirms that the origin of the correspondence plot coincides

with independence between the row and column variables, irrespective of δ. It

also shows that points far from the origin reflect a deviation from what we expect

under independence for those row and/or column categories. How far from the

origin a point needs to be before we conclude that it plays a statistically signif-

icant role in the association structure between the variables can be determined

using confidence regions. We shall not discuss this issue here but we direct the

interested reader to, for example, Lebart et al. (1984), Greenacre (2007), Beh

(2001, 2010), Ringrose (2012), Beh and Lombardo (2015), (Beh & Lombardo,

2014, Chapter 8) and the references mentioned therein.

While Cressie and Read (1984) recommend using values of δ such that δ ∈
[0, 3/2] for inferential purposes, when exploring the structure of the association

between two categorical variables using correspondence analysis, it is also inter-

esting to see what impact δ has at its extremes. For example, since

lim

δ → ±∞

(
1 + δ

M∗∑
m=1

a∗im (δ)λ∗
m (δ) b∗jm (δ)

)1/δ

= 1

then pij (±∞) → pi•p•j. Therefore, the row and column points in an optimal

(or even a low) dimensional correspondence plot will get closer to the origin

as δ → ±∞. The (relative) exception to this are those row and/or column

categories that play a very dominant role in defining the association structure

between the variables. The position of these categories will still approach the

origin for increasing values of δ but do so more slowly than other categories.

One can also see that since

lim

δ → 0

(
1 + δ

M∗∑
m=1

a∗im (δ)λ∗
m (δ) b∗jm (δ)

)1/δ

= exp

{
M∗∑
m=1

a∗im (δ)λ∗
m (δ) b∗jm (δ)

}

then the limiting value of pij as δ → 0 is

pij (0) = pi•p•j exp

{
M∗∑
m=1

a∗im (0)λ∗
m (0) b∗jm (0)

}
(23)
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and is akin (but not identical) to the RC model of Goodman (1979) and Rom

and Sarkar (1992, equation (2.4)).

For all values of δ, (22) reduces to the independence model when λm (δ) = 0

form = 1, . . . , M∗. However, the interpretation of λm (δ) can differ substantially

for different values of δ. For example, λm (1) is a correlation term lying within

the [0, 1] interval, while λm (0) is an association term whose value is bounded

by [0, ∞); see, for example, Gilula, Krieger, and Ritov (1988) for more on this

point. Therefore, some care must be taken when assigning an interpretation to

λm (δ).

5 Special Cases

Now that we have described the key features of correspondence analysis using the

Cressie-Read divergence statistic, we turn our attention to examining some spe-

cial cases. Rather than providing a comprehensive overview of each of these cases

we shall focus instead on the structure of the SVD of the matrix of divergence

residuals, (9), when δ = 0, 1/2, 2/3 and 1. We shall also confine our attention to

describing the various distances measures in these four cases.

5.1 CA using Pearson’s Chi-squared Statistic

5.1.1 SVD of Divergence Residuals when δ = 1

The traditional approach to correspondence analysis can be performed by sub-

stituting δ = 1 into (9) so that

rij (1) =
pij − pi•p•j√

pi•p•j
=

M∗∑
m=1

aimλmbjm (24)

where aim = aim (1), bjm = aim (1) and λm = λm (1). By substituting δ = 1 into

(10), aim and bjm are constrained by

I∑
i=1

aimaim′ =

 1 m = m′

0 m ̸= m′ ,
J∑

j=1

bjmbjm′ =

 1 m = m′

0 m ̸= m′ .

An equivalent approach to performing this version of correspondence analysis is

to substitute δ = 1 into (11) yielding the GSVD of the matrix of centred Pearson

ratio’s such that

r∗ (1) =
pij

pi•p•j
− 1 =

M∗∑
m=1

a∗imλ
∗
mb

∗
jm (25)
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where λ∗
m = λm (1) (= λm). Here a∗im = aim (1) /

√
pi• and b∗jm = bjm (1) /

√
p•j

are constrained by (12) and (13), respectively, for δ = 1. This approach to

correspondence analysis was discussed by, for example, Beh (2004) and Beh and

Lombardo (2014). In (24), λm (or, equivalently, in (25), λ∗
m) is the mth largest

singular value of the I × J matrix of Pearson residuals (centred ratio’s) and are

arranged in descending order.

5.1.2 Distances when δ = 1

When δ = 1 is substituted into (18), the difference between the elements of ith

and i′th row profiles can be assessed using the chi-squared distance so that

d2I (i, i
′; 1) =

J∑
j=1

1

p•j

(
pij
pi•

− pi′j
pi′•

)2

=
I∑

i=1

M∗∑
m=1

(f ∗
im − f ∗

i′m)
2 .

Therefore, two identically distributed row profiles share identical positions in the

optimal correspondence plot. This is the well known distance measure of two row

points (or profiles) in the traditional approach to correspondence analysis.

5.2 CA using the Freeman-Tukey Statistic

5.2.1 SVD of Divergence Residuals when δ = 1/2

By substituting δ = 1/2 into (9) yields the SVD of the matrix of Freeman-Tukey

residuals where the (i, j)th element is

rij

(
1

2

)
= 2

(√
pij −

√
pi•p•j

)
=

M∗∑
m=1

ăimλ̆mb̆jm .

Here λ̆m = λm (1/2) is the mth singular value of the matrix of Freeman-Tukey

residuals. Also, ăim = aim (1/2) and b̆jm = bim (1/2) is the mth element of the ith

left and jth right singular vectors of this matrix, respectively, and are constrained

by

I∑
i=1

ăimăim′ =

 1 m = m′

0 m ̸= m′ ,
J∑

j=1

b̆jmb̆jm′ =

 1 m = m′

0 m ̸= m′ .

An equivalent approach to performing this variant of correspondence analysis

is to substitute δ = 1/2 into (11) leaving us with the GSVD of the centred square

root of the Pearson ratio’s so that

r∗ij

(
1

2

)
= 2

(√
pij

pi•p•j
− 1

)
=

M∗∑
m=1

ă∗imλ̆
∗
mb̆

∗
jm .
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where λ̆∗
m = λ̆m, ă

∗
im = ăim/

√
pi• and b̆∗jm = b̆jm/

√
p•j. In this case

I∑
i=1

pi•ă
∗
imă

∗
im′ =

 1 m = m′

0 m ̸= m′ ,
J∑

j=1

p•j b̆
∗
jmb̆

∗
jm′ =

 1 m = m′

0 m ̸= m′ .

Beh et al. (2018) described the correspondence analysis of a two-way contingency

table using this residual and showed its link to the Freeman-Tukey statistic.

Cuadras and Cuadras (2006) and Cuadras et al. (2006) also considered a rescaled

version of this residual (to accommodate for a different scaling of the matrix of

singular vectors) but did not link their approach to the Freeman-Tukey statistic.

5.2.2 Distances when δ = 1/2

When centring the square-root transformation of a row profile, we can assess

its distance from another square-root transformed row profile by substituting

δ = 1/2 into (18). Doing so yields

d2I

(
i, i′;

1

2

)
= 4

J∑
j=1

(√
pij
pi•

−
√
pi′j
pi′•

)2

(26)

and is the squared Hellinger distance between the profile of the ith and i′th rows.

This distance can also be expressed in terms of their principal coordinates by

d2I

(
i, i′;

1

2

)
=

M∗∑
m=1

(
f̆im − f̆i′m

)2
,

where f̆im = fim (1/2), which is the squared-Euclidean distance between these

points in the optimal space. This distance measure was described by Greenacre

(2009, equation (17)) and examined with reference to the Freeman-Tukey statistic

by Beh et al. (2018). Beh et al. (2018) also discussed the role of the Freeman-

Tukey statistic and residual in terms of row (and column) Hellinger distances in

a low-dimensional correspondence plot; their discussion supported the comments

of Domenges and Volle (1979), Rao (1995) and Cuadras and Cuadras (2006) who

strongly advocated the use of Hellinger distances in correspondence analysis. We

shall highlight these distance measures in Section 5.3.2 where they are described

in the context of a special case of the divergence residual.
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5.3 CA using the Modified Log-Likelihood Ratio Statistic

5.3.1 SVD of Divergence Residuals when δ = 0

As we described in Section 3.1, (6) clearly does not exist for δ = 0. Although,

from (7), the SVD of rij (0) is just the SVD of the modified log-likelihood ratio

residual, (8), such that

−√
pi•p•j ln

(
pi•p•j
pij

)
=

M∗∑
m=1

aim (0)λm (0) bjm (0) .

Equivalently, a correspondence analysis can be performed on a two-way contin-

gency table by applying a GSVD on the matrix where the (i, j)th element the

natural logarithm of the Pearson ratio so that

ln

(
pij

pi•p•j

)
=

M∗∑
m=1

ã∗imλ̃
∗
mb̃

∗
jm . (27)

where λ̃∗
m = λm (0). Here, ã∗im = aim (0) /

√
pi• and b̃∗jm = bjm (0) /

√
p•j are

constrained by

I∑
i=1

pi•ã
∗
imã

∗
im′ =

 1 m = m′

0 m ̸= m′ ,
J∑

j=1

p•j b̃
∗
jmb̃

∗
jm′ =

 1 m = m′

0 m ̸= m′ ,

respectively. In the event that a zero-cell frequency is observed there are a range

of strategies that can be considered, such as the formal procedures described by

Ishii-Kuntz (1994). One may also simply replace the zero cell frequency with a

small but positive value such as 0.2 (Evers & Namboodiri, 1979), 0.05 (Beh &

Farver, 2009) or 10−8 (Clogg and Eliason, 1987, p. 13). For the sake of simplicity,

we shall replace the zero cell frequency with 0.05.

Since the first order Taylor series expansion of the natural logarithm function

is lnx ≈ x − 1, for 0 < x ≤ 2, (25) is a first order Taylor series approximation

of (27) and is used as the basis for comparing traditional correspondence analy-

sis with the LRA of a contingency table; see Cuadras and Cuadras (2006) and

Greenacre (2009).

5.3.2 Distances when δ = 0

The squared distance between the ith and i′ row profiles when δ = 0 is

d2I (i, i
′; 0) =

lim

δ → 0
d2I (i, i

′; δ)
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=
J∑

j=1

p•j

 lim

δ → 0

1

δ

( pij
pi•p•j

)δ

− 1

−
lim

δ → 0

1

δ

( pi′j
pi′•p•j

)δ

− 1

2

=
J∑

j=1

p•j

(
ln

(
pij

pi•p•j

)
− ln

(
pi′j

pi′•p•j

))2

= 2
J∑

j=1

p•j ln

(
pij
pi•

/
pi′j
pi′•

)
(28)

so that if two row profiles have identical distributions, they will share an iden-

tical position in the correspondence plot where the total inertia is measured in

terms of the modified log-likelihood ratio statistic, M2. Equation (28) was briefly

discussed by Greenacre (2009, pg. 3113) in the context of LRA. However, from

Section 4.3.2, it follows that this distance is equivalent to the squared-Euclidean

distance between the ith and i′th row points in the correspondence plot so that

d2I (i, i
′; 0) =

M∗∑
m=1

(
f̃ ∗
im − f̃ ∗

i′m

)2
where f̃ ∗

im = fim (0) is the principal coordinate of the ith row category along the

mth principal axis.

Note that unlike other measures of squared distance that involve the difference

between two transformed profile elements, the presence of the natural logarithm

function means that such a distance is expressed as the ratio of the two elements.

Of course, this distance can be expressed as the difference between two logarithm

terms such that

d2I (i, i
′; 0) =

J∑
j=1

p•j

{
ln

(
pij
pi•

)
− ln

(
pi′j
pi′•

)}2

and was a focus of the recent discussion by Gzyl (2019) who studied logarithmic

distances in the context of positive values from two random variables.

5.4 CA using Cressie-Read Residual

Now that we have examined the features of correspondence analysis when using

the Freeman-Tukey, modified log-likelihood and Pearson’s statistics as the basis

for quantifying the total inertia, we now do so for δ = 2/3.
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5.4.1 SVD of Divergence Residuals when δ = 2/3

When δ = 2/3, a correspondence analysis can be performed by applying the SVD

to the matrix of these Cressie-Read residuals such that

3

2

√
pi•p•j

( pij
pi•p•j

)2/3

− 1

 =
M∗∑
m=1

ȧimλ̇mḃim

where ȧim = aim (2/3), ḃjm = bjm (2/3) and λ̇m = λm (2/3). This variant of

correspondence analysis is equivalent to performing the GSVD to the matrix of

centred power (of 2/3) transformed Pearson ratio’s so that

(
pij

pi•p•j

)2/3

− 1 =
2

3

M∗∑
m=1

ȧ∗imλ̇
∗
mḃ

∗
im

where ȧ∗im = ȧim/
√
pi•, ḃ

∗
jm = ḃjm

√
p•j and λ̇∗

m = λ̇m. Therefore, the constraints

imposed upon ȧ∗im and ḃ∗jm are

I∑
i=1

pi•ȧ
∗
imȧ

∗
im′ =

 1 m = m′

0 m ̸= m′ ,
J∑

j=1

p•j ḃ
∗
jmḃ

∗
jm′ =

 1 m = m′

0 m ̸= m′ ,

respectively.

5.4.2 When δ = 2/3

In the special case when δ = 2/3 - which as we saw above concerns the Cressie-

Read statistic - the weighted squared Euclidean distance of the ith transformed

row profile to the origin is

d2I

(
i, i′;

2

3

)
=

9

4

J∑
j=1

p
−1/3
•j

(pij
pi•

)2/3

−
(
pi′j
pi′•

)2/3
2

so that such a distances relies less on the column marginal proportions than

if δ = 0 or δ = 1. More will be said on the impact of the column marginal

proportions on the distance between two row profiles in the following section.

6 Links with LRA & HDD

Throughout our discussion, we have directly compared the results that stem

from the correspondence analysis using the Cressie-Read divergence statistic with
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other methods that have been proposed in the past. In particular, some com-

parisons have been made with this technique and the LRA of Greenacre (2009)

and the Hellinger Distance Decomposition (HDD) method described by Cuadras

and Cuadras (2006). In doing so, these two methods can be viewed as special

cases of the technique proposed in this paper. However, there are other points of

discussion that are worth highlighting and so we now turn our attention to these.

6.1 Benefits of δ = 1/2

Rao (1995) points out that there are benefits of using the Hellinger distance

(when δ = 1/2) instead of the chi-squared distance (δ = 1) when comparing the

difference in profiles of two intra-variable categories. One of the key benefits is

that the Hellinger distance between the ith and i′th row profiles (say) does not

rely on any information contained in the column marginals. Such a feature is

observed in our framework as well and this can be verified by considering (18).

It can be expressed in terms of the square root of the elements of the profiles by

d2I (i, i
′; 2δ) =

4

(2δ)2

J∑
j=1

1

p2δ−1
•j

(√pij
pi•

)2δ

−
(√

pi′j
pi′•

)2δ
2

so that the Hellinger distance of the row profiles is observed only when δ = 1/2

and a chi-squared distance arises only when δ = 1. Note that as δ → ∞ the

impact on the column marginal proportions becomes more important. However,

their dominance on this distance measure also diminishes as δ → −∞ and we

would consider these values when identifying the row and column pairs whose

expected values are less than what would be expected (in the extreme case)

under the hypothesis of independence.

6.2 On the value of M ∗

Cuadras and Cuadras (2006) and Cuadras et al. (2006) point out that in the tra-

ditional approach to correspondence analysis, M∗ = min (I, J)−1 while for HDD

M∗ = min (I, J). We have also identified this feature when δ = 1 and δ = 1/2, re-

spectively; we have also found that M∗ = min (I, J) for Greenacre’s (2009) LRA

(when δ = 0) while for all values of δ (except 0 or 1) then M∗ = min (I, J)− 1.

Cuadras and Cuadras (2006) and Cuadras et al. (2006) also state that the addi-

tional dimension when using the Hellinger distance is a drawback. The inclusion

23



of an additional dimension certainly appears to be a problem unless one focuses

instead on the quality of the two- (or three-) dimensional correspondence plot

used to visualise the association. While the Hellinger distance (and the distance

in LRA, see (28)) requires one more dimension than the traditional approach

to correspondence analysis, the focus should instead be on the relative size of

the principal inertia of a two- (or three-) dimensional display for some value of

δ. That is, for a two-dimensional correspondence plot, say, the inclusion of an-

other dimension may have a negligible effect on (λ2
1 (δ) + λ2

2 (δ)) /ϕ
2 (δ) since the

total inertia ϕ2 (δ) may be significantly smaller than ϕ2 (1). As Cuadras et al.

(2006) show in their example, as we do in ours in Section 7, the extra dimension

needed for δ = 0 or δ = 1/2 is negated by the improvements in the quality of the

two-dimensional correspondence plot yielded from performing a correspondence

analysis using these δ values.

6.3 On modelling the association

While it has long been established that the traditional approach to correspon-

dence analysis has links to log-linear models Van der Heijden, de Falguerolles,

and de Leeuw (1989); Goodman (1986), Cuadras et al. (2006) note that HDD

(when δ = 1/2) has no links to such models. This is not necessarily a problem

since, as Beh et al. (2018) point out, there are some advantages in considering

the resulting association model which is

pij = pi•p•j

(
1 +

1

2

M∗∑
m=1

ăimλ̆mb̆jm

)2

which can be derived from (21) when δ = 1/2. From this result complete inde-

pendence arises when all λ∗
m = 0, m = 1, 2, . . .M∗ = min (I, J). It is also clear

that this result will yield a positive cell proportion for the (i, j)th cell, a property

that is not guaranteed with the traditional approach to correspondence analysis.

In fact, from (21) a positive cell proportion will only be guaranteed when δ is an

even number. This includes δ = 0 where the resulting association model is given

by (23).

6.4 On the choice of δ

By performing a correspondence analysis where the Cressie-Read divergence

statistic, (2), rests at its foundations, virtually any value of δ can be consid-
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ered. While, for inferential purposes, δ ∈ [0, 3/2] is recommended, values of δ

outside of this range can be considered for identifying row/column pairs whose

expected value greatly differs from what is expected under the hypothesis of in-

dependence. For example, the traditional approach to correspondence analysis

and LRA are very much related through the divergence residual; the former oc-

curs when δ = 1 while the latter when δ is asymptotically zero. Thus, as the

title of Greenacre (2010) says, “Log-ratio analysis is a limiting case of correspon-

dence analysis”. However, in the LRA of Greenacre (2009), δ was confined to lie

within the interval [0, 1] so that comparisons could be made of the configuration

of points (defined by their principal coordinates) when comparing LRA (when

δ = 0) with the traditional correspondence analysis approach (δ = 1); Greenacre

(2009) considered the values δ = 0, 0.25, 0.5, 0.75 and 1 in his study of LRA.

However, in his description of LRA, no discussion was given on how to interpret

the total inertia for a given δ value, or what δ value gave the “best” visualisa-

tion of the association. Further insight into LRA was provided by Sarnacchiaro,

D’Ambra, and Camminatiello (2015) who highlighted its link to Altham’s index

(Altham, 1970) that is used to quantify the association between the categorical

variables of a two-way contingency table using log-odds ratio’s. An extension

of this link for three-way contingency tables was described by Lombardo, Cam-

minatiello, D’Ambra, and Beh (2021). In the framework of association models,

de Rooij and Heiser (2005) discussed an alternative way to graphically depict

log-odds ratio’s based on distances between principal coordinates.

By using the notation we have adopted in this paper, the HDD method de-

scribed in Cuadras and Cuadras (2006) considered those values of δ that lie within

the interval [1/2, 1]. This was done so that comparisons could be made of the

Hellinger and chi-squared distances between two intra-variable profiles projected

onto a low-dimensional (Euclidean) space. However, no discussion was given on

the implications of the change in the total inertia or, in the case of δ = 1/2, how

it relates to the Freeman-Tukey statistic. More information on this can be found

in Beh et al. (2018).

The technique outlined in this paper therefore shows that, not only is HDD

and LRA special cases of the method, but that virtually any value of δ can be

considered and the association is quantified in terms of the Cressie-Read diver-

gence statistic. A caveat to this statement though is that, depending on the

value, negative δ’s can lead to some computational problems due to the SVD of

(9).
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7 Application

7.1 The HUNT Study, Norway

The Trøndelag Health Study (HUNT Study) is a large population study un-

dertaken in the Nord-Trøndelag county of Norway and its database is used for

medical and health-related research. For this study, participants are aged 20

years or older, and it was first undertaken between 1984 and 1986 (Krokstad

et al., 2013). For those who are aged 13 – 19 years there is the Young-HUNT

study where the first survey was held between 1995 and 1997 (and is referred to

as Young–HUNT1) while a follow-up study was undertaken during the 2000 –

2001 period and is referred to as the Young–HUNT2 study(Holmen et al., 2014).

One of the questions that was asked in these two studies was “How is your over-

all health at the moment?” and participants were asked to self-report using a

four point scale with responses “Poor”, “Not very good”, “Good” and “Very

good”. Table 1 is a cross-classification of the responses of 2348 adolescents who

participated in Young–HUNT1 and Young–HUNT2. This two-way contingency

table was studied by Breidablik, Meland, and Lydersen (2008) and Fagerland,

Lydersen, and Laake (2017).

Table 1: Contingency table of 2348 adolescents who participated in Young–

HUNT1 and Young–HUNT2 and self-reported on their overall health

Young- Young-HUNT1

HUNT2 Poor Not very good Good Very Good Total

Poor 2 3 3 3 11

Not very good 2 58 98 14 172

Good 8 162 949 252 1371

Very good 4 48 373 369 794

Total 16 271 1423 638 2348

7.2 Measuring the Association Between the Variables

The Pearson chi-squared test of independence yields a chi-squared statistic of

361.42 for Table 1. One may also determine the modified log-likelihood ratio

test statistic, the Freeman-Tukey statistic and the Cressie-Read statistic for this
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contingency table; these are 301.55, 286.33 and 297.66, respectively. Since these

are all special cases of the Cressie-Read divergence statistic which is a chi-squared

random variable with (I − 1) (J − 1) = 9 degrees of freedom, their p-value is less

than 0.0001. Therefore, for all four special cases of the divergence statistic, there

is a statistically significant association between the adolescent responses to the

question asked in Young–HUNT1 and Young–HUNT2.

7.3 A Correspondence Analysis: δ = 0, 0.5, 2/3, 1

Since there exists a statistically significant association between the two vari-

ables of Table 1, one can perform a correspondence analysis to visually identify

how these variables are associated. When studying this association, we shall

focus our attention on using the modified log-likelihood statistic (δ = 0), the

Freeman-Tukey statistic (δ = 1/2), the Cressie-Read statistic (δ = 2/3) and

Pearson’s statistic (δ = 1) as the measures of association. Doing so produces

a two-dimensional correspondence plot which is given by Figure 1; note that

the (row) responses to the Young–HUNT1 study have the suffix “-1” while the

(column) responses to the Young–HUNT2 study have the suffix “-2”. For these

plots, Figures 1 a), b), c) and d) are constructed where the modified log-likelhood

statistic, Freeman-Tukey statistic, Cressie-Read and Pearson statistics are used

to determine the total inertia of the table. For these four values of δ, all two-

dimensional correspondence plots display at least 90% of the association between

the variables and give similar (but not identical) configurations of points. All

four plots suggest that the “Good” and “Very good” (VG) responses across the

two time periods are very similar while there is some variation in the “Not very

good” (NVG) responses and even more variation in the “Poor” responses. There

are also some obvious differences in the four configurations. For example, when

δ = 0, the configuration appears to be flipped along the first principal axis, but

is otherwise similar to the other three plots. Also, the “Poor” response in both

studies is located much further away from the origin when δ = 1 than for any of

the other values of δ.

There are also some similar, and very different, comparisons that can be made

when observing the numerical summaries from the analysis. Table 2 summarises

the total inertia, the first two principal inertia values for each of the four plots of

Figure 1 and the percentage contribution of these two inertia values to the total

inertia. We now discuss these summaries in the context of Figure 1.
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Table 2: Total inertia, principal inertia values, and percentage contribution of

principal inertia values to the total inertia of the two dimensions for and δ =

0, 0.5, 2/3 and 1 of Table 1

Summary δ = 0 δ = 0.5 δ = 2/3 δ = 1

λ2
1 (δ) 0.111 0.105 0.105 0.109

λ2
2 (δ) 0.011 0.015 0.018 0.031

% Cont. 95.36% 98.75% 97.39% 90.73%

CR∗ (δ) M2 = 301.55 T 2 = 286.33 CR2 = 297.65 X2 = 361.42

Suppose we consider the case where the traditional approach to correspon-

dence analysis is applied to Table 1; that is, when δ = 1. In doing so, Figure 1d)

shows that the two-dimensional correspondence plot visually describes 90.73% of

the association between the two variables of Table 1; see also the last column of

Table 2. While this is a very good quality plot and is the most popular display

to use in correspondence analysis, it is the poorest visual representation of the

association among the four δ values considered. The association between the

two variables can be better captured when either δ = 0, δ = 0.5 or δ = 2/3 is

used. Of these three values, the “best” two-dimensional display is obtained when

δ = 0.5 and summarises 98.75% of the association; see Figure 1b) (we shall talk

more about the use of the term “best” in the next section). Therefore, rather

than using Pearson’s chi-squared statistic as the measure of association, a much

better visual display of the association can be obtained using the Freeman-Tukey

statistic. In this case, rather than using the chi-squared distance to assess the dif-

ference between the profiles of the rows (and columns), Hellinger distances provide

a more optimal view of their difference when projected onto a two-dimensional

display. Calculating the total inertia using the Cressie-Read statistic (δ = 2/3)

yields a two-dimensional correspondence plot that depicts 97.39% of the associ-

ation (Figure 1c)). Its quality and configuration of points is similar to that of

Figure 1b) which should be of no surprise since the power of the transformation,

δ, used to calculate the Freeman-Tukey statistic and the Cressie-Read statistic

are quite similar. Using the modified log-likelihood ratio test (δ = 0) statistic also

provides a better two-dimensional display (95.36%) than when using Pearson’s

statistic and the difference between the row profiles can be quantified using (28).
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Figure 1: Correspondence plot of Table 1 using the Cressie-Read divergence

statistic with a) δ = 0, b) δ = 1/2 c) δ = 2/3 d) δ = 1

7.4 Finding the “Best” & “Worst” Two-Dimensional Cor-

respondence Plot

To gain an understanding of what impact changing δ has on the two-dimensional

correspondence plot of Table 1, consider Figure 2 which shows the following.

Figure 2a) gives the principal inertia values for the first principal axis (dashed

line), second principal axis (dotted line) and the two axes combined (solid line)

for δ ∈ [0, 3/2]. Figure 2b) visually shows the percentage contribution of the first

principal axis (dashed line), second principal axis (dotted line) and the combined

inertia of these axes to the total inertia. Figure 2a) shows that the inertia of

the first principal axis remains fairly stable at about 0.110 for 0 < δ < 1.3 then

increases quite sharply for δ = 1.3 to 1.5, while the second principal inertia

increases steadily for 0 < δ < 1 then increases quite quickly for δ > 1. While this

might suggest that the quality of a two-dimensional display for values of δ ranging

from 0 to 1.0 should be fairly similar, this is not the case since the total inertia

rises steadily for values of δ greater than about 0.8 (not shown). As a result of

this feature, the impact of the axes of a two-dimensional correspondence plot is

variable for δ ∈ [0, 3/2]; see Figure 2b). This plot shows that there is an increase

in the percentage contribution to the total inertia of the first dimension for δ = 0
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(where the contribution is 76.7%) to a δ value slightly larger than zero (where

the percentage contribution of this axis to the total inertia is 86.7%). However,

there is a steady decline in quality of the first dimension as δ → 1.34 where its

contribution to the total inertia reduces to about 40%, and then steadily increases

again. On the other hand, the second principal axis becomes more dominant in

the two-dimensional display as δ → 1.34 (increasing from about 8.9% to 40.5%)

and then it reduces in quality. While not shown, for 3/2 < δ < ∞, the quality

of the two-dimensional correspondence plot approaches 100% and does so very

quickly for δ > 2. For these values of δ, the impact of the second principal

axis reduces to near zero so that all of the association can be depicted using

a single (the first) principal axis. As a result of this feature, all categories lie

relatively close to the origin except for the “Poor” category for each Young–HUNT

survey. Thus, these two categories are the most dominant source of association

between the two variables. In fact, the Pearson ratio for the (1, 1)th cell of

Table 1 is p11/ (p1•p•1) = 26.68 and is by far the largest of the 16 ratio’s in the

contingency table, with the next largest only being p22/ (p2•p•2) = 2.92 while the

ratio closest to zero is p24/ (p2•p•4) = 0.30. Therefore, choosing large values of δ

(beyond 5 in this case) with the Cressie-Read divergence statistic in the context

of correspondence analysis helps to visually identify cells that deviate greatly

from independence.

By confining our attention to those values of δ that lie within [0, 3/2], Fig-

ure 2b) shows that the poorest quality (or perhaps “worst” but we use this term

with some caution) two-dimensional correspondence plot for Table 1 occurs when

δ = 1.23 so that only 87.47% of the association is visually depicted. For this value

of δ, the first principal axis contributes to 54.58% of the association while 32.89%

is depicted using the second axis. Figure 3a) gives the resulting two-dimensional

correspondence plot and shows that the “Poor” responses are seperated more

clearly from the rest of the configuration than the plots in Figure 1; this feature

is not surprising since δ is relatively large (in comparison with those considered

in Figure 1) and so the dominance of the “Poor” category in both studies be-

comes more prominant. In fact, for this contingency table, the configuration

in Figure 3a) matches most closely to Figure 1d) which is obtained using the

traditional approach to correspondence analysis. For δ = 1.23, the chi-squared
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Figure 2: Solid line is the a) percentage contribution to the total inertia and b)

Principal inertia values of a two-dimensional correspondence plot for δ ∈ [0, 3/2].

The dashed lines refer to the first principal axis and the dotted line refers to the

second principal axis.

statistic from which the total inertia of Figure 3a) is determined is

CR∗ (1.23) = 1551.986
4∑

i=1

4∑
j=1

(
p1.23ij − (pi•p•j)

1.23
)2

(pi•p•j)
1.46 = 496.105 .

For values of δ ∈ [0, 3/2] the “best” quality display is achieved when δ is 0.479

and explains 98.86% percent of the total inertia; see Figure 3b). We use the term

“best” here cautiously but mean for it to be the value of δ within the interval that

produces a two-dimensional correspondence plot that explains as close to 100%

of the association as possible. We do concede that the “best” quality display

may be assessed using other criteria depending on what the analyst wishes to

focus on and it is for this reason that the term is given in quotation marks.

For example, one may defined “best” to be the value of δ that maximises the

divergence statistic for δ ∈ [0, 3/2].

For Figure 3b), the first principal axis contributes to 86.43% of the association

while the second axis accounts for 12.43%. When compared with the four figures

in Figure 1, Figure 3b) most closely resembles the configuration of points in

Figure 1b); this should not be surprising since this value of δ is closest to 0.5

than any of the three other values considered above. In this case, the chi-squared
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Figure 3: The a) “worst” and b) “best” two-dimensional correspondence plot of

Table 1 for δ ∈ [0, 3/2]

statistic that is used as the measure of association is

CR∗ (0.479) = 10233.67
4∑

i=1

4∑
j=1

(pi•p•j)
0.042

(
p0.479ij − (pi•p•j)

0.479
)2

= 285.461

and is very close to the Freeman-Tukey statistic of T 2 = 286.33.

The squared distance of two points (from the same variable) in Figure 1b)

obtained using δ = 0.479 can be assessed by observing the differences in the row,

and column, profiles where the elements of the profiles are raised to the power of

0.479. When doing so, this squared distance of the ith and i′th row categories,

say, in the optimal correspondence plot, can be expressed as

d2I (i, i
′; δ = 0.479) = 4.36

4∑
j=1

p0.042•j

(pij
pi•

)0.479

−
(
pi′j
pi′•

)0.479
2

and is an approximation of the Hellinger distance between two points; see (26).

Therefore, the two-dimensional correspondence analysis that displays the maxi-

mal amount of the total inertia (regardless of the magnitude of the total inertia)
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that exists in Table 1 is when δ = 0.479. Thus, any differences between two row,

or column, profiles can be better approximated using the Hellinger distance than

the chi-squared distance and virtually all of this difference is captured in the two

dimensions of Figure 3b). In fact, since δ ≈ 0.5 here, the distance between the

row points in Figure 3b) are virtually independent of the column marginal pro-

portions and this is reflected by the small contribution of p0.042•j in the calculation

of CR∗ (0.479). One can also make the same conclusion of the distance of the

column points in this correspondence plot and the small contribution that p0.042i•

makes in calculating this chi-squared statistic.

8 Discussion

The discussion of power transformations of profiles in correspondence analysis is

not new. One only has to consult Greenacre (2009), Cuadras and Cuadras (2006)

and Cuadras et al. (2006), for example, for a general discussion of this issue.

Related to these discussions is the importance of the role of Hellinger distances

in a correspondence plot, a feature advocated by Rao (1995) and Cuadras and

Cuadras (2006) and explored in the context of the Freeman-Tukey statistic by

Beh et al. (2018). However, these features can all be incorporated into the one

framework by using the Cressie-Read divergence statistic as the primary measure

of the association between the variables. Doing so means that the Pearson and

Freeman-Tukey statistics can be considered as special cases of the divergence

statistic, thereby providing a generalised approach to assess the nature of the

association between the variables. By applying a SVD to the matrix of divergence

residuals defined by (3) leads to a power transformation of the profiles where the

power need not be constrained to lie within [0, 1] but can take on any value

that makes the Cressie-Read divergence statistic interpretable; by following the

recommendation of Cressie and Read (1984) we have considered δ ∈ [0, 3/2] and

discussed the implications of performing a correspondence analysis for values of

δ > 3/2, especially for identifying the most dominant categories that contribute

to the association. As a result of the properties that stem from the SVD of (3),

distance measures of two row, or column, points in the optimal correspondence

plot can be assessed in terms of the power transformation applied to the row, or

column, profiles. A special case is where the power is 0.5 and leads to Hellinger

distances while chi-squared distances can be obtained for δ = 1.
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What is unique about this approach to correspondence analysis is that we

can determine the value of δ that gives the “best” quality low-dimensional cor-

respondence plot while still maintaining interpretability of principal coordinates,

distances, association models and other important features. We can also use

the same technique for identifying the “worst” quality plot. While we have re-

stricted our attention to the case where such a plot consists of two-dimensions, a

similar argument can be made for a correspondence plot consisting of three (or

more) dimensions. By “best”, we have confined δ to lie within [0, 3/2] and our

application in Section 7 shows that δ = 1 does not always provide the most op-

timal two-dimensional correspondence plot. As we have described in this paper,

the “best” quality two-dimensional plot of Table 1 is when δ ≈ 0.5 so that the

Freeman-Tukey statistic is a more appropriate measure of association that leads

to such a plot, not Pearson’s chi-squared statistic which is commonly used in ap-

plications of correspondence analysis. Visually studying the association using the

Freeman-Tukey statistic has a few advantages over using the Pearson statistic.

Firstly, the Freeman-Tukey statistic can address any overdispersion issues that

may be present in the contingency table; a topic of discussion raised by Agresti

(2002), Haberman (1973) and studied from a correspondence analysis perspective

by Beh et al. (2018). Secondly, when δ = 1/2 Hellinger distances can be used

to assess differences between two row profiles, say, leads to a low-dimensional

display where the column marginal information plays no part in the configura-

tion of the row points. Other applications of this technique will yield different

values of δ that give the “best” visual representation of the association using the

correspondence plot, all depending the nature of the data being analysed.

There are further issues that can be explored that are beyond the scope of

this paper; we have allued to a few throughout our discussion. One such issue is

to determine a routine to determine the value of δ that leads to the “best” quality

display. In this paper, this value has been determined by simply narrowing in

on an interval where the appropriate value of δ lies. However, a more efficient

approach would be to determine a more direct method of determining this value.

Another avenue for futher investigation is to generalise this method for more

than two categorical variables so that it can be adopted in the context of multiple

correspondence analysis. One could certainly use the method outline above by

applying it to the Burt matrix of a multi-way contingency table, or when stacking

is used (Weller & Romney, 1990; Greenacre, 2007). While joint correspondence

analysis (JCA) (Greenacre, 1988) is designed to improve the quality of a corre-
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spondence plot by removing redundant information from the Burt matrix, further

improvements could be made by incorporating the approach outlined into this

paper into JCA. Alternatively, rather than transforming a multi-way contingency

table into a two-way form that captures only bivariate association terms, the pro-

cedure could be adapted to analyse the association in a multi-way contingency

table. This is certainly possible for the analysis of a three-way contingency table

described by, for example, Carlier and Kroonenberg (1996) and Lombardo, Beh,

and Kroonenberg (2021). This could be achieved by incorporating the extensions

made to the Cressie-Read divergence statistic outlined in M. C. Pardo (1996),

L. Pardo and Pardo (2003) and J. A. Pardo (2010) into the framework described

in this paper.
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