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Abstract

The alternative outlier model, which was developed in the context of ordinary
linear models, assumes that outliers arise from an error term with inflated
variance. We generalise this for the linear mixed model framework and derive
score tests for inflated variance based on the null (no outlier) model. The tests
are applicable for residuals and also for other random effects in the model.
Correlated effects can be accommodated. In order to address multiple testing
issues we propose a parametric bootstrap approach to obtain thresholds for
the score tests. Since full parametric bootstrap methods are computationally
demanding, we propose an efficient resampling scheme that does not involve
re-fitting the model in each iteration. A simulation study shows that our
approach provides accurate Type I error rates for the residual outlier tests.

Keywords:
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1. Introduction

The linear mixed model has become a widely used tool for data analysis
in a range of applications including the agricultural, biological, medical and
environmental sciences. Model checking using data driven diagnostics is as
important for the linear mixed model as for the ordinary linear model. A
frequently occurring problem is the existence of outliers. The term outlier has
been used in various and sometimes ambiguous ways in the literature. In this
paper the definition given in Langford and Lewis (1998) is adopted, namely
that “an outlier or outlying observation in the data set is an observation
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which appears to be inconsistent with the rest of the data, relative to the
assumed model.” There are two factors that complicate outlier detection in
linear mixed models, namely the existence of multiple random terms rather
than a single random (error) term and the possibility of correlated rather
than independent effects.

There is extensive literature on the detection of outliers for ordinary lin-
ear models but only a few papers, including Christensen et al. (1992b,a);
Langford and Lewis (1998); Haslett and Hayes (1998); Haslett and Haslett
(2007); Gumedze et al. (2010) discuss the problem in the context of linear
mixed models. Christensen et al. (1992b) proposed case-deletion diagnostics
for detecting influential observations, both in terms of the estimation of fixed
effects and variance components in a linear mixed model. Their approach
was developed with respect to a model with multiple random terms, each of
which (including the error term) comprised a set of independently and identi-
cally distributed effects. The work was extended in Christensen et al. (1992a)
for detecting influential observations when interpolating from a spatial linear
model with a general covariance structure. Both Christensen et al. (1992b)
and Christensen et al. (1992a) provided case-deletion diagnostics that could
be used to rank observations in terms of their influence. No attempt was
made to determine a threshold value.

Langford and Lewis (1998) considered outlier detection for multilevel data
that may be analysed using a linear mixed model in which distinct sets of
random effects are used to represent the error terms for each level. They
pointed out the complexity of outlier detection for such data since “... one
has to consider, for example, at what level or levels a particular response is
outlying ...”. Langford and Lewis (1998) used diagnostics derived for ordinary
linear models and applied them to estimates of the errors for any particular
level.

The most general framework for outliers in a linear mixed model is pre-
sented in Haslett and Hayes (1998); Haslett and Haslett (2007). These papers
focussed on the definition and role of residuals (that is, estimates of error)
in linear mixed models with a general covariance structure. In terms of their
role Haslett and Haslett (2007) stated that “... residuals are widely recom-
mended in the context of model criticism. This includes the identification of
outlying observations ...”. In terms of the definition they noted that there
are ambiguities in what is meant by the term residual when the data are
correlated. Haslett and Haslett (2007) suggested that for the linear mixed
model there are three fundamental types of scalar residuals and they call
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these the marginal, model-specified and full-conditional residuals. In the re-
mainder of this paper, and as done in Haslett and Haslett (2007), the latter
will be abbreviated to conditional residuals. Haslett and Hayes (1998) and
Haslett and Haslett (2007) showed the importance of the role of conditional
residuals in outlier diagnostics, in particular deletion diagnostics.

Gumedze et al. (2010) specifically considered variance component mod-
els, that is, linear mixed models in which each set of random effects, and
the residuals, are assumed independent. They used a variance shift outlier
model (also known as an alternative outlier model) and proposed likelihood
ratio and score test statistics to determine whether individual observations
have inflated variance. A (full) parametric bootstrap procedure was used to
obtain thresholds and to account for multiple testing. In the variance com-
ponent model setting this approach appears to provide reasonable Type I
error rates but as Gumedze et al. (2010) point out, the bootstrap procedure
is computationally demanding.

In this paper we address the issue of outlier detection using a similar
framework to Gumedze et al. (2010), namely an extension of the alternative
outlier model discussed by Cook et al. (1982) for ordinary linear models. In
this approach outliers are assumed to arise from an error term with inflated
variance. Cook et al. (1982) used maximum likelihood (ML) estimation for
variance parameters (including the extra variance associated with potential
outliers). Thompson (1985) considered the same model but used Residual
Maximum Likelihood (REML, Patterson and Thompson, 1971) estimation
for variance parameters. In this paper we extend the alternative outlier
model for use in a linear mixed model setting and propose that it be used as a
diagnostic tool to detect outliers, either at the error level and/or with respect
to other sets of random effects in the model. We do not restrict attention to
variance component models but also allow for correlated effects. In order to
diagnose an inflated variance for an effect we use a score test based on the
fit of the null (no outlier) model. The REML score for an extra variance is
shown to be a function of the conditional residuals as defined by Haslett and
Haslett (2007). The diagnosis of outliers is likely to involve the sequential
examination of all effects in a set (for example all error effects). In our context
this implies the conduct of multiple hypothesis tests so that a pointwise
significance level for the score test based on a chi-square approximation is
inappropriate. We determine a threshold using an efficient resampling scheme
that is computationally less demanding than a full parametric bootstrap
approach and is similar to that used by Zou et al. (2004).
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The paper is arranged as follows. In Section 2 we commence with a brief
overview of linear mixed models theory necessary for the development of our
outlier detection procedure. In Section 2.2 we describe the alternative outlier
model of Cook et al. (1982), that is, in the context of ordinary linear models.
Then in Section 2.3 we propose an extension for linear mixed models. The
score test procedure is developed in Sections 2.3.1 and 2.3.2 and graphical
tools are discussed in Section 2.3.3. The methodology is applied to two
examples in Section 3. In Section 4 we give the results of a simulation study
to investigate the performance of the score test in terms of Type I error rates.
Some concluding remarks are given in Section 5.

2. The linear mixed model

The linear mixed model for an n× 1 data vector y can be written as

y = Xτ +Zu+ e (1)

where τ is the p×1 vector of fixed effects with associated n×p design matrix
X (assumed to have rank rx ≤ p), u is the b × 1 vector of random effects
with associated n × b design matrix Z and e is the n × 1 vector of errors.
We assume that [

u
e

]
∼ N

([
0
0

]
, θ

[
G 0
0 R

])
(2)

The matrices G and R are functions of unknown parameters. We write G =
G(γ) and R = R(φ) where γ and φ are the parameter vectors associated
with the random effects and errors respectively. The vector of random effects
is often composed of q sub-vectors ui so that u = (u>

1 . . .u
>
q)

>. We assume
that ui comprises bi effects so that u comprises b =

∑q
i=1 bi effects. The

sub-vectors are assumed to be independent with var (ui) = θGi so that G is
a block diagonal matrix given by ⊕qi=1Gi.

The variance model in equation (2) is specified with an overall scale pa-
rameter, θ. In most applications the variance matrix for the errors can be
expressed as a scaled matrix, in which case θ represents the associated un-
known scale parameter (sometimes denoted σ2). All other variance compo-
nent parameters are then expressed as ratios with respect to θ. In some
applications θ is fixed at a value of 1. In the following we allow for complete
generality but note that θ has a key role in the procedure for determining
thresholds for the outlier score tests.
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Under the assumptions in equation (2) we have

y ∼ N (Xτ , H)

where H = θV and V = ZGZ> +R.

2.1. Model estimation
The first step in fitting the model in equation (1) is the estimation of the

variance parameters which requires calculation of the REML scores for θ and
the elements of κ = (γ>,φ>)>. These are given by

U(θ) = −1
2

[ν/θ − y>Py/θ2] (3)

U(κi) = −1
2

[
tr
(
P V̇ i

)
− y>P V̇ iPy/θ

]
(4)

where ν = n−rx and P = V −1−V −1X
(
X>V −1X

)−
X>V −1 with

(
X>V −1X

)−
being any generalised inverse of

(
X>V −1X

)
. The “dot” notation indicates

a derivative so that V̇ i = ∂V /∂κi, i = 1 . . . nk where nk is the number of
variance parameters in κ.

The REML estimates of θ and κ are obtained by equating the scores to
zero. Note in particular that, given κ, an estimate of θ can be obtained from
equation (3) as

θ̂ = y>Py/ν (5)

Best linear unbiased predictions (BLUPs) of the random effects and errors
in equation (1) can be obtained as

ũ = GZ>Py and ẽ = RPy

It is also informative to consider the (scalar) conditional residuals of Haslett
and Hayes (1998) and Haslett and Haslett (2007). If we let di be the n × 1
vector with a value of one in position i and zeros elsewhere, the conditional
residual for observation i(= 1 . . . n) is given by

d>iPy/pii

where pii = d>iPdi is the ith diagonal element of P . Note that the variance
for the ith conditional residual is given by θ/pii so that, as in Haslett and
Hayes (1998), we can define a Studentised conditional residual as

ti = d>iPy/
√
θpii

It will be shown in later sections that there is a fundamental link between
Studentised conditional residuals and outlier detection in linear mixed models
using the alternative outlier model.
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2.2. Alternative outlier model

Cook et al. (1982) examined the modelling of a single outlier in an ordi-
nary linear model as arising from an error term with inflated variance. In
this model the variance of all observations apart from the ith is assumed to
be σ2 and the ith has variance (1 + ωi)σ

2, where ωi > 0. Using the notation
of equation (1) this so-called alternative outlier model (AOM) can be written
as

y = Xτ + ei (6)

where ei = e+ diδi

and di is as previously defined. It is assumed that var (e) = θIn (so that
θ = σ2) and δi is a random effect with zero mean and variance ωiθ. Thus the
variance of the ith observation is (1 + ωi)θ.

In the AOM of equation (6) it is required to estimate τ , θ, ωi and the
position i of the outlier. In practice, Cook et al. (1982) proposed to fix the
value of i and use Maximum Likelihood (ML) to obtain estimates of the
parameters. Repeating for each of the n possible values of i gives n values of
the likelihood function. The position of the outlier is that value of i associated
with the largest of these likelihood values and the associated values of τ , θ
and ωi are their ML estimates. Thompson (1985) proposed an analogous
approach but using REML estimation. As he pointed out, an advantage of
using REML is that the observation with the largest Studentised residual
will be selected as the outlier whereas under ML this is not necessarily the
case.

2.3. Alternative outlier mixed model

We now generalise the approach in Section 2.2 for a linear mixed model
and will call this an alternative outlier mixed model (AOMM). The AOM as
considered by Cook et al. (1982) and Thompson (1985) is used not only to
identify the outlier but also to specifically accommodate it in the analysis as
a down-weighted observation. We propose the use of the model purely as a
diagnostic tool. The practitioner may then choose an appropriate course of
action. The first response would be to ascertain whether the outlier was due
to erroneous data and if so, replace with the correct value (if available) or a
missing value indicator.

As discussed in Langford and Lewis (1998) outliers in the context of a
linear mixed model may arise at any level. There is a natural distinction
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between outliers associated with the errors (where the variance inflation is
linked to θR) and outliers associated with the random effects (variance in-
flation linked to θG). Accordingly we develop a separate AOMM for these
two types of effects and label them as AOMM-R and AOMM-G.

2.3.1. AOMM-R

As in Cook et al. (1982) we assume that an outlier arises from an error
with inflated variance. Under the null hypothesis of no outliers, the linear
mixed model is as in equation (1). Under the alternative hypothesis of the
ith error being an outlier (i = 1 . . . n), the linear mixed model can be written
as

y = Xτ +Zu+ ei

where ei = e+ diδi

⇒ y = Xτ +Zu+ diδi + e (7)

where di is as previously defined and δi is a random effect with zero mean
and variance θωi where ωi > 0. Under the AOMM-R of equation (7) the
variance matrix for the data vector is given by H = θV where

V = ZGZ> + ωidid
>
i +R (8)

To examine whether the ith error effect is an outlier we develop an approxi-
mate score test for the null hypothesis of H0 : ωi = 0 against Ha : ωi > 0. As
in Verbyla (1993) we base the approach on the REML score for ωi evaluated
at the null value of ωi = 0. Using equations (4) and (8) this is given by

U0(ωi) = −1
2

[tr (P0did
>
i )− y>P0did

>
iP0y/θ0]

= −1
2

[p0ii − (d>iP0y)2/θ0] (9)

where p0ii is the ith diagonal element of P0 and the subscript of “0” indicates
that all quantities are obtained from the null (no outlier) model.

In the ordinary linear mixed model setting it is common practice to assess
every observation to determine whether it is an outlier. Thus, for example,
Cook et al. (1982) and Thompson (1985) applied a separate AOM for each of
the n observations. In our setting the analogous procedure is the application
of a series of AOMM-R of the form in equation (7) and associated pointwise
score tests for the null hypotheses H0 : ωi = 0, i = 1 . . . n. The score test
statistic for H0 : ωi = 0 (evaluated at ωi = 0) has the form

W0(ωi) = [U0(ωi)]
2 I(ωi,ωi)

0 (10)
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where I(ωi,ωi)
0 is the element of the inverse of the expected information ma-

trix for (ωi, θ,κ
>)> corresponding to ωi and evaluated under the null. The

complete expected information matrix can be written as I0(ωi, ωi) I0(ωi, θ) I0(ωi,κ>)
I0(θ, ωi) I0(θ, θ) I0(θ,κ>)
I0(κ, ωi) I0(κ, θ) I0(κ,κ>)


where the partitioning separates ωi and θ from κ. Expressions for individual
elements of this matrix are given in Appendix A. We proceed as in Gumedze
et al. (2010) and compute the test whilst holding the parameters in κ fixed

so that I(ωi,ωi)
0 is obtained using only the partition corresponding to ωi and

θ. Using the results in Appendix A we then have

I(ωi,ωi)
0 =

[
I0(ωi, ωi)− I0(ωi, θ)2/I0(θ, θ)

]−1

=
2ν

(ν − 1)p20ii

so that the test statistic in equation (10) takes the form

W0(ωi) =
ν

2(ν − 1)

(
(d>iP0y)2

θ0p0ii
− 1

)2

(11)

=
ν

2(ν − 1)

(
t20i − 1

)2
(12)

where t0i is the Studentised conditional residual for observation i evaluated
under the null model. Equation (11) or equivalently (12) holds for t20i >
1, otherwise W0(ωi) = 0. Note that in practice, the score test statistic is
calculated using the REML estimates of θ and κ from the fit of the null (no
outlier) model.

In order to assess the significance of individual tests given the multiple
testing scenario we need to evaluate the distribution of maxiW0(ωi). This
can be obtained using a resampling scheme. We propose a computationally
efficient method that is similar to the one used in Zou et al. (2004). The
steps in the procedure are as follows:

1. Fit the linear mixed model to obtain REML estimates of θ and κ.
Denote these by θ0 and κ0 and thence form V 0 and P0. Calculate the
score test statistic W0(ωi), i = 1 . . . n using equation (11).
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2. Given the estimates of the variance parameters from the model fit we
propose to simulate score test statistics for each outlier variance pa-
rameter ωi, i = 1 . . . n. The number of simulations will be denoted
Ns. Equation (11) shows that the simulations can be based on the dis-
tribution of P0y which is given by N (0, θ0P0). Thus if z ∼ N (0, In)
then

√
θ0P0Q

>
0 z has the same distribution as P0y, whereQ0 denotes the

Choleski decomposition of V 0 (that is, such that Q>
0Q0 = V 0). Thus in

practice, for the jth simulation (j = 1 . . . Ns) we obtain zj by sampling
from a N (0, In) distribution and compute the simulated value of P0y,
which we will label as (Py)j, as

(Py)j =
√
θ0P0Q

>
0 zj

We could then compute the score test statistic using equation (11) but
with P0y replaced by (Py)j. However, substantial improvements in
the Type I error rates can be achieved by noting that the simulation
of P0y allows for an updated estimate of θ. Thus, using equation (5)
and the result that PV P = P we can compute

θj = (Py)>jV 0(Py)j/ν

and thence the score test statistic as

Wj(ωi) =

{
ν

2(ν−1)

(
(d>i (Py)j)

2

θjp0ii
− 1
)2

(d>i (Py)j)
2

θjp0ii
> 1

0 otherwise

3. We repeat step 2 Ns times to obtain an n×Ns matrix of simulated score
test statistics. We then compute Mj = maxiWj(ωi), j = 1 . . . Ns.

4. In order to obtain a global Type I error rate α for the n hypothesis
tests we calculate the 100(1−α) percentile of the Ns values Mj. If the
observed value of the score test statistic W0(ωi) exceeds this threshold
then the null hypothesis H0 : ωi = 0 is rejected.

The calculations involved in the simulations are based on the matrix P0

from the original analysis. This is evaluated once and used repeatedly in
steps 2 and 3. This is in contrast to the standard full parametric bootstrap
approach that would require the re-fitting of the model in each simulation
iteration. This is important for large data-sets and/or complex mixed models
where model estimation may be very time consuming.
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2.3.2. AOMM-G

We now consider an outlier model with respect to the random effects u.
Recall that u comprises q sub-vectors so here we partition as (uA

>,uĀ
>)>

where uA is the bA× 1 sub-vector of random effects we wish to investigate for
outliers and uĀ comprises the remaining q − 1 sub-vectors. We partition Z
conformably as Z = [ZA ZĀ] then write the linear mixed model in equation
(1) as

y = Xτ +ZAuA +ZĀuĀ + e

and we let var (uA) = θGA and var (uĀ) = θGĀ so that G is a block diagonal
matrix given by GA ⊕GĀ.

An outlier is assumed to arise from a random effect with inflated variance.
The associated linear mixed model for the case of the kth random effect in
uA being an outlier (k = 1 . . . bA) can be written as

y = Xτ +ZAuAk +ZĀuĀ + e

where uAk = uA + fkηk

and fk is a bA×1 vector with a value of one in position k and zeros elsewhere.
The random effect ηk is assumed to have zero mean and variance θλk where
λk > 0. The model and associated scaled variance matrix for the data vector
can then be written as

y = Xτ +Zu+ZAfkηk + e

V = ZGZ> + λk(ZAfk)(ZAfk)
> +R (13)

Note that this model and variance matrix can also be written as

y = Xτ +Zu+ ḋkηk + e

V = ZGZ> + λkḋkḋ
>

k +R (14)

where ḋk = ZAfk. In the case where ZA is a standard design matrix that
corresponds to a factor with bA levels, this means that ḋk is an n× 1 vector
with values of one in positions corresponding to the kth level of this factor and
zeros elsewhere. The form of the model in equation (14) appears similar to
that in equation (8), suggesting that there may be a relationship between the
AOMM-G for a random effect and an AOMM-R for a specific set of errors,
namely for all observations corresponding to the particular random effect. A
key difference, however, is that the variance matrix λkḋkḋ

>

k in the AOMM-G
involves covariances between those observations.
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We proceed as in section 2.3.1, that is, we conduct pointwise score tests
for the null hypotheses H0 : λk = 0, k = 1 . . . bA. Using the form of V in
equation (13) leads to the REML score for λk evaluated at the null value of
λk = 0 being given by

U0(λk) = −1
2

[a0kk − (f>
kZA

>P0y)2/θ0]

where a0kk is the kth diagonal element of ZA
>P0ZA. The score test has the

same form as in equation (10), and as in section 2.3.1 the parameters in κ
are held fixed so that the test statistic is given by

W0(λk) =
ν

2(ν − 1)

(
(f>

kZA
>P0y)2

θ0a0kk
− 1

)2

(15)

=
ν

2(ν − 1)

(
s20k − 1

)2
(16)

where s0k is evaluated at the null value and is a function of the BLUP of uA.
Equation (15) or equivalently (16) holds for s20k > 1, otherwise W0(λk) = 0.
Note that in practice, the score test statistic is calculated using the REML
estimates of θ and κ from the fit of the null (no outlier) model.

The resampling scheme for obtaining thresholds is analogous to that de-
scribed in Section 2.3.1.

2.3.3. Graphical tools

A key part of model checking, in particular the examination of data for
outliers is the use of graphical displays of residuals. The score test statistic in
equation (12) shows that Studentised conditional residuals, ti, are fundamen-
tally important for outliers associated with the errors. The observation with
the largest absolute Studentised conditional residual is the most likely candi-
date for rejection of the hypothesis of H0 : ωi = 0. The scenario for random
effect outliers is analogous, with equation (16) showing that the quantities
sk are the key. Clearly, visual displays of ti and sk will be illuminating in
terms of identifying potential outliers, at the error and random effect levels,
respectively. We find normal probability plots particularly useful for this
purpose.

We note that the quantities ti and sk are easily obtained in the statistical
software package ASReml-R (Butler et al., 2017), using the “aom” option
in the function call. This returns two-column matrices with information
corresponding to AOMM-R and AOMM-G, respectively. Using the notation
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in this paper, individual elements in the second column of the matrix for
AOMM-R are defined in Butler et al. (2017) to be

d>i (θR)−1 ẽ/
√
pii/θ = d>iPy/

√
θpii = ti

Similarly, individual elements in the second column of the matrix for AOMM-
G are the quantities sk. It is therefore straightforward to construct diagnostic
plots based on these quantities, irrespective of whether formal tests are under-
taken. In fact, we recommend use of normal probability plots of Studentised
conditional residuals as a first course of action in order to identify obviously
erroneous data, for example when decimal points have been misplaced. These
should be dealt with prior to undertaking formal tests otherwise more subtle
outliers may be missed.

3. Examples

3.1. Nicotine data

We consider the study first presented by Wagner and Thaggard (1979) in
which 10 samples were analysed for nicotine content (using gas-liquid chro-
matography) by each of 14 laboratories. There was a total of 138 observations
since 2 were missing. This study has been analysed by several authors, in-
cluding Christensen et al. (1992b) and Rocke (1983), the latter of whom
presented the full data-set. The data have been analysed using a mixed
model with fixed effects for samples and random effects for laboratories. In
terms of equation (1) we have n = 138 observations, p = 10 fixed effects and
b = 14 random effects (with q = 1). It is assumed that var (u) = θγI14 and
var (e) = θI138, where θ is the error variance and γ is the laboratory variance
component ratio. Fitting this model to the data yielded the REML estimates
θ̂ = 7.70× 10−4 and γ̂ = 2.19. A normal probability plot of the Studentised
conditional residuals from this model is shown in Figure 1(a). Observations
with “large” absolute Studentised conditional residuals have been identified
on this graph. These data points were also identified by Christensen et al.
(1992b) as having the highest influence on the estimation of fixed effects and
variance components.

We then applied the AOMM-R for the test of H0 : ωi = 0, i = 1 . . . 138
using the approach described in Section 2.3.1 and with Ns = 50, 000 simu-
lations. The observed score test statistics W0(ωi) are shown in Figure 1(b),
together with the 95% threshold value which was 63.4. Figure 1(b) shows
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Figure 1: Nicotine data (a) normal probability plot for Studentised conditional residuals
and (b) score test statistics for AOMM-R plotted against squared Studentised conditional
residuals. The 7 cases with the largest (absolute) Studentised conditional residuals have
been labelled with their laboratory and case number. The dashed line in (b) indicates the
95% threshold value for the test statistics.
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that the null hypothesis of no additional error variance was rejected in 3
instances, corresponding to cases 117, 31 and 118. The test statistics for
cases 129, 130, 137 and 138 did not exceed the threshold (although case 138
was close with a test statistic of 62.2). Note that Christensen et al. (1992b)
included these 4 cases when they referred to a total of 7 cases “... that
appear to have substantial influence ...”. Figure 1(b) also shows the relation-
ship between the score test statistics and the squared Studentised conditional
residuals as established in equation (12).

In their (original) analysis of these data, Wagner and Thaggard (1979)
rejected laboratory N as being inconsistent with the rest. We have formally
assessed the outlier status of individual laboratories using the AOMM-G.
First note that the value of sk for laboratory N (-3.29) was substantially
lower than for the other laboratories (values ranged from -0.58 to 0.92). In
terms of the hypothesis tests we used the resampling approach of Section
2.3.2 and with Ns = 50, 000 simulations. The observed score test statistic
for laboratory N was 48.46 which exceeded the 95% threshold value of 31.65.
Laboratory N was therefore identified as being an outlier in the sense that
the associated effect had an inflated variance compared with the effects for
other laboratories.

3.2. Variety trial data

We consider data on grain yield from a variety trial in which 90 durum
wheat varieties were grown. There were 2 replicate plots of each variety,
making a total of 180 plots arranged in a rectangular array of 6 columns
by 30 rows. The design was resolvable with replicate blocks being aligned
with columns (block 1 = columns 1-3; block 2 = columns 4-6). The data
were analysed using a linear mixed model with a fixed effect for the overall
mean, random effects for the replicate blocks, random effects for varieties
and a spatial model for the errors of the form advocted by Gilmour et al.
(1997). In terms of equation (1) we have n = 180 observations, p = 1
fixed effect and q = 2 sets of random effects, denoted u1 for the replicate
block effects and u2 for the variety effects. It was assumed that var (u1) =
θγ1I2, var (u2) = θγ2I90 and var (e) = θΣc(φ1)⊗Σr(φ2), where γ1 and γ2
are the replicate block and variety variance component ratios and Σc(φ1) and
Σr(φ2) are correlation matrices corresponding to autoregressive processes of
order 1 for the column and row dimensions respectively. The parameters
φ1 and φ2 are the autocorrelation parameters and θ is the variance of the
spatial process. Fitting this model to the data yielded the REML estimates
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θ̂ = 0.1285; γ̂2 = 0.18; φ̂1 = 0.49 and φ̂2 = 0.75. The variance parameter
γ1 for replicate blocks was estimated at the boundary value of 0.

Figure 2(a) shows the residual diagnostic plot used by various authors
after the conduct of a spatial analysis (see Gilmour et al., 1997, for example)
in which the BLUPs of the errors, that is, ẽ, are plotted against row number
for each column. The error BLUPs are used as residuals in this type of plot as
they reveal the spatial patterns which are strong in these data. It is possible
to identify potential outliers on these plots as points that depart from the
neighbouring spatial pattern. Thus the observation in Column 3, Row 3 is
a potential candidate. However, outliers are more clearly seen by examining
a normal probability plot of the Studentised conditional residuals as given
in Figure 2(b). We also applied the AOMM-R test using the simulation
approach described in section 2.3.1 using Ns = 50, 000 simulations. The null
hypothesis of no outlier was rejected for a single observation, namely that
associated with the field plot in Column 3, Row 3.

4. Simulation study

A simulation study was undertaken in order to assess the performance of
the score test approach in terms of Type I error rates. The model considered
was a one-way classification with b groups and r replicates per group, thence
n = rb observations. In terms of equation (1) we had τ comprising a single
effect (the overall mean, µ) and u comprising a single set of random effects
associated with the groups. The variance models were var (u) = θγIb and
var (e) = θIn. Without loss of generality θ was set to 1 in all cases. The
AOMM-R score tests were conducted for the factorial combinations of 3
values of b (10, 25 and 50) by 3 values of γ (0.1, 1.0 and 2.0) by 2 values of
r (2 and 4). Additionally a scenario similar to the variety trial example was
considered with b = 90 and r = 2 and using 3 values of γ (0.1, 1.0 and 2.0).
We also considered spatial models for the errors, assuming 6 columns and
30 rows and with γ = 0.1 and 3 pairs of spatial correlations (φ1 for columns
and φ2 for rows), namely (0.4, 0.7), (0.3, 0.6) and (0.2, 0.5). Thus there
was a total of 24 scenario. For each of these we performed 2000 simulations
and conducted the AOMM-R score tests for outliers as described in section
2.3.1 (using Ns = 50, 000 “inner” simulations to determine 95% thresholds).
The empirical Type I error rate was calculated as the proportion of the 2000
simulations in which one or more score test statistics exceeded the threshold.
The results presented in Table 1 clearly show the accuracy of the Type I error
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Figure 2: Variety trial data (a) residuals (ẽ) plotted against Row number for each Col-
umn and (b) normal probability plot of Studentised conditional residuals (labelled point
corresponds to Column 3, Row 3).
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Table 1: Simulation study: empirical Type I error rates for AOMM-R score tests in a
one-way random effects model with b groups and r replicates per group. Overall scale
parameter θ = 1 and groups variance is θγ. For the case of b = 90, r = 2 and γ = 0.1
a two-dimensional (row by column) separable autoregressive spatial model was fitted for
3 different combinations of autocorrelation parameters (φ1 and φ2). The nominal Type I
rate is 0.05.

Replicates per group Spatial correlations φ1, φ2

Groups γ 2 4 0.4, 0.7 0.3, 0.6 0.2, 0.5
10 0.1 0.0495 0.0545
10 1.0 0.0450 0.0425
10 2.0 0.0430 0.0505
25 0.1 0.0500 0.0520
25 1.0 0.0440 0.0415
25 2.0 0.0470 0.0430
50 0.1 0.0510 0.0515
50 1.0 0.0465 0.0490
50 2.0 0.0445 0.0515
90 0.1 0.0525 − 0.0475 0.0485 0.0500
90 1.0 0.0490 −
90 2.0 0.0505 −

rates for all scenario, including those that involved correlated error (spatial)
models.

We also conducted AOMM-G score tests for the factorial combinations
of 3 values of b (10, 25 and 50) by 2 values of γ (1.0 and 2.0) by 2 values of r
(2 and 4). Additionally the b = 90 and r = 2 scenario was considered. Thus
there was a total of 14 scenario. As with the AOMM-R tests, the empirical
Type I error rate was calculated as the proportion of 2000 simulations in
which one or more score test statistics exceeded the threshold. The results
presented in Table 2 reveal the AOMM-G score tests to be conservative,
particularly for small numbers of groups.

5. Concluding remarks

In this paper we have addressed the issue of outlier identification in linear
mixed models using an extension of the alternative outlier model proposed
for ordinary linear models. The distinction has been made between outlier
models associated with the errors and with the random effects, and these have
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Table 2: Simulation study: empirical Type I error rates for AOMM-G score tests in a
one-way random effects model with b groups and r replicates per group. Overall scale
parameter θ = 1 and groups variance is θγ. The nominal Type I rate is 0.05.

Replicates per group
Groups γ 2 4

10 1.0 0.0100 0.0035
10 2.0 0.0120 0.0030
25 1.0 0.0235 0.0250
25 2.0 0.0360 0.0195
50 1.0 0.0315 0.0390
50 2.0 0.0395 0.0320
90 1.0 0.0400 −
90 2.0 0.0380 −

been denoted AOMM-R and AOMM-G, respectively. In order to diagnose
an inflated variance for an effect we have developed score tests based on
the fit of the null (no outlier) model. Importantly, the AOMM-R score test
statistics have a strong link with Studentised conditional residuals, so we
would recommend use of the latter in informal diagnostic plots as part of the
routine examination of model adequacy (see Lee et al., 2006, for example).
Note that we are referring here to the conditional residuals of Haslett and
Hayes (1998) and Haslett and Haslett (2007) which are provided in ASReml-R
(Butler et al., 2017). These residuals are not to be confused with those of
the same name in, for example, Nobre and Singer (2007), and as provided in
other linear mixed models software packages including SAS (SAS Institute,
Inc, 2013).

Formal score tests were developed for both the AOMM-R and AOMM-G,
with thresholds determined using an efficient resampling scheme. This offers
a pragmatic solution as a full parametric bootstrap method is prohibitively
time-consuming for larger data-sets (also see Gumedze et al., 2010). Appli-
cation of the method for AOMM-R score tests in the nicotine and variety
trial examples required only 1.95 and 2.72 seconds respectively for 50,000
simulations. As a comparison, the model fitting took 0.08 and 0.10 seconds
so that 50,000 repeats of this process would require over an hour for each of
the examples. Importantly the scheme allowed updating of the overall scale
parameter, thereby introducing some level of uncertainty associated with
variance parameter estimation. This appears to be adequate for AOMM-R
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scores tests as supported by the results of the simulation study. The empiri-
cal Type I error rates were extremely close to the nominal rate of 0.05 for all
scenario considered, including correlated error models. This is a key result
since the identification of “data” outliers, that is, associated with the errors,
is a recommended step in all linear mixed model analyses. The simulation
study for AOMM-G score tests showed that the resampling scheme resulted
in conservative tests, particularly for small numbers of random effects. In
contrast to the identification of data outliers, the investigation of random ef-
fect outliers occurs much less frequently and could therefore be deemed less
critical. Never-the-less the resampling scheme presented here may still be of
use. Modifications aimed at improving the Type I error rates for AOMM-G
score tests are the subject of further research.

Having identified outliers, the issue remains as to a course of action.
One option is to re-fit the linear mixed model with a separate (extra) vari-
ance component for each outlier so they are down-weighted in the analysis
(Gumedze et al., 2010). Another is to delete the observations altogether.
Either way, we believe it is important to confer with the scientist and to err
on the side of parsimony if adding extra variance parameters, or caution if
deleting data.

Finally, as demonstrated in the variety trial example, the method is ap-
plicable in the case of correlated effects so is not restricted to variance com-
ponent models. We note however, that further extensions are required for
multivariate linear mixed models since outliers may occur in the full multi-
variate sense or in a subspace.
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Appendix A. Expected Information matrix

Elements of the expected information matrix for θ and elements of κ are
given by

I(θ, θ) = 1
2
ν/θ2

I(θ, κr) = 1
2
tr
(
P V̇ r

)
/θ

I(κr, κs) = 1
2
tr
(
P V̇ rP V̇ s

)
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Elements corresponding to the AOMM-R outlier variance parameter ωi
are

I(ωi, ωi) = 1
2
p2ii

I(ωi, θ) = 1
2
pii/θ

I(ωi, κr) = 1
2
tr
(
d>iP V̇ rPdi

)
Elements corresponding to the AOMM-G outlier variance parameter λk

are

I(λk, λk) = 1
2
a2kk

I(λk, θ) = 1
2
akk/θ

I(λk, κr) = 1
2
tr
(
f>
kZA

>P V̇ rPfkZA

)
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