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Abstract
Variational Bayes methods approximate the posterior density by a family of tractable distributions and use optimisation to estimate the unknown
parameters of the approximation. Variational approximation is useful when
exact inference is intractable or very costly. Our article develops a flexible
variational approximation based on a copula of a mixture of normals, which is
implemented using the natural gradient and a variance reduction method. The
efficacy of the approach is illustrated by using simulated and real datasets to
approximate multimodal, skewed and heavy-tailed posterior distributions, including an application to Bayesian deep feedforward neural network regression
models. Each example shows that the proposed variational approximation is
much more accurate than the corresponding Gaussian copula and a mixture
of normals variational approximations.
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Introduction

Variational Bayes (VB) methods are increasingly used for Bayesian inference in a
wide range of challenging statistical models (Ormerod and Wand, 2010; Blei et al.,
2017). They formulate the problem of estimating the posterior density as an optimisation problem that approximates the target posterior density by a simpler and more
tractable family of distributions; this family is usually selected to balance accuracy
and computational cost. VB methods are usually computationally much cheaper
than exact methods such as MCMC, particle MCMC, and sequential Monte Carlo
(Del Moral et al., 2006). They are particularly useful in estimating the posterior
densities of complex statistical models when exact inference is impossible or computationally expensive.
Much of the current literature focuses on Gaussian variational approximation
(GVA) for approximating the target posterior density (Challis and Barber, 2013;
Titsias and Lázaro-Gredilla, 2014; Kucukelbir et al., 2017; Tan and Nott, 2018; Ong
et al., 2018). A key difficulty with the Gaussian approximation is that the number of
covariance parameters increases quadratically with the number of model parameters.
Diagonal approximations are one approach but lose the ability to model the dependence structure. Challis and Barber (2013) overcome this problem by considering a
variety of sparse parametrizations of the Cholesky factor of the covariance matrix.
Archer et al. (2016) and Tan and Nott (2018) parametrize the precision matrix in
terms of its Cholesky factor and impose a sparsity structure on this factor that reflects any conditional independence structure in the model. A zero in the precision
matrix of a Gaussian distribution corresponds to conditional independence between
two model parameters, conditional on all the other parameters. Ong et al. (2018)
use a sparse factor covariance structure to parsimoniously represent the covariance
matrix in the Gaussian variational approximation.
Complex statistical models, such as Bayesian deep feedforward neural network
(DFNN) regression models, usually exhibit skewed, multimodal, and heavy-tailed
posterior distributions. Gaussian variational approximation for such models often
poorly approximates such posterior distributions.
Han et al. (2016) and Smith et al. (2020) propose Gaussian copula variational
approximations which are formed by using Gaussian distributions for element-wise
parametric transformations of the target posterior. Smith et al. (2020) consider the
Yeo-Johnson (Yeo and Johnson, 2000) and G&H families (Tukey, 1977) of element2

wise parametric transformations and use the sparse factor structures proposed by
Ong et al. (2018) to model the covariance matrices of the Gaussian distributions.
To fit the Gaussian copula variational approximation, they implement an efficient
stochastic gradient ascent (SGA) optimisation method using the so called “reparameterisation trick” for obtaining unbiased estimates of the gradients of the variational
objective function (Salimans and Knowles, 2013; Kingma and Welling, 2014; Rezende
et al., 2014; Titsias and Lázaro-Gredilla, 2014). The reparameterisation trick usually greatly reduces the variance of gradient estimates. We build on the Gaussian
copula variational approximation and propose a Copula of a Mixture of Gaussians as
a variational approximation (CMGVA), using sparse factor structures for the covariance matrices in the Gaussian mixture. The CMGVA allows fitting of multimodal,
skewed, heavy tailed, and high-dimensional posterior distributions with complex dependence structures. We show in a number of examples that the CMGVA gives
more accurate inference and forecasts than the corresponding Gaussian copula and
mixture of normals approximation.
Variational optimisation of the CMGVA is challenging in complex models with
a large number of parameters because of the large number of variational parameters that need to be optimised. The boosting variational inference method in Guo
et al. (2016), and Miller et al. (2017) is a promising recent approach to fit mixture
type variational approximations. By adding only a single mixture component at
a time, the posterior approximation of the model parameters is iteratively refined.
Miller et al. (2017) uses SGA optimisation with the reparameterisation trick to fit a
a mixture of Gaussian densities with a factor covariance structure for the component
densities. They found that the use of reparameterisation trick in the boosting variational method still results in a large variance and it is necessary to use many samples
to estimate the gradient of the variational lower bound. Guo et al. (2016), Locatello
et al. (2018) and Campbell and Li (2019) consider similar variational boosting mixture approximations, although they use different approaches to the optimisation and
the specification of the mixture components. Jerfel et al. (2021) consider a boosting
method which uses the forward KL-divergence and combines variational inference
and importance sampling. We build upon the variational boosting method by efficiently adding a single mixture component at a time to fit the CMGVA; Section 4
gives further details. We also discuss efficient methods for performing the variational
boosting optimisation method using the natural gradient (Amari, 1998) and the variance reduction method of Ranganath et al. (2014). Previous literature did not use the
natural gradient in the variational boosting optimisation methods. Many naturalgradient variational methods have been recently proposed (Hoffman et al., 2013;
Khan and Lin, 2017; Lin et al., 2019). This literature shows that natural-gradients
3

enable faster convergence than the traditional gradient-based methods because they
exploit the information geometry of the variational approximation to speed-up the
convergence of the optimisation.
The rest of the article is organised as follows. Section 2 gives background; Section 3 discusses the CMGVA; Section 4 discusses the variational optimisation algorithm that fits the CMGVA; Section 5 presents results from both simulated and real
datasets; Section 6 concludes with a discussion of our approach and results.

2

Variational Inference

Let θ ∈ Θ be the vector of model parameters, and y1:n = (y1 , ..., yn )> the vector of
observations. Bayesian inference about θ is based on the posterior distribution
π (θ) = p (θ|y1:n ) =

p (y1:n |θ) p (θ)
;
p (y1:n )

p (θ) is the prior, p (y1:n |θ) is the likelihood function, and p (y1:n ) is the marginal
likelihood. The posterior distribution π (θ) is unknown for most statistical models,
making it challenging to carry out Bayesian inference. We consider variational inference methods, where a member qλ (θ) of some family of tractable densities, indexed
by the variational parameter λ ∈ Λ, is used to approximate the posterior π (θ).
The optimal variational parameter λ is chosen by minimising the Kullback-Leibler
divergence between qλ (θ) and π (θ),

qλ (θ)
qλ (θ) dθ.
KL (λ) :=
log
π (θ)


Z
qλ (θ)
=
qλ (θ) log
dθ + log p (y1:n )
p (y1:n |θ) p (θ)
= −L (λ) + log p (y1:n ) ,
Z



where



Z
L (λ) :=

log

π (θ)
qλ (θ)


qλ (θ) dθ,

(1)

is a lower bound on the log of the marginal likelihood log p (y1:n ). Therefore, minimising the KL divergence between qλ (θ) and π (θ) is equivalent to maximising a
variational lower bound (ELBO) on the log marginal likelihood log p (y1:n ). The
ELBO can be used as a tool for model selection.
The ELBO L (λ) in Eq. (1) is often an intractable integral with no closed form
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solution. However, it can be written as an expectation with respect to qλ (θ),
L (λ) = Eqλ (log g (θ) − log qλ (θ)) ,

(2)

where g (θ) := p (y1:n |θ) p (θ). This interpretation of Eq. (2) allows the use of stochastic gradient ascent (SGA) methods to maximise the variational lower bound L (λ).
See, for e.g., Hoffman et al. (2013); Kingma and Welling (2014); Nott et al. (2012);
Paisley et al. (2012); Salimans and Knowles (2013); Titsias and Lázaro-Gredilla
(2014); Rezende et al. (2014). In SGA, an initial value λ(0) is updated according
to the iterative scheme
λ(t+1) := λ(t) + at ◦ ∇λ\
L (λ(t) ), for t = 0, 1, 2, ...;

(3)

◦ denotes the Hadamard (element by element) product of two random vectors; at :=
(at1 , ..., atm )> is a vector of step sizes and ∇λ\
L (λ(t) ) is an unbiased estimate of the
gradient of lower bound L (λ) at λ = λ(t) . The learning rate sequence is chosen
P
P
to satisfy the Robbins-Monro conditions t at = ∞ and t a2t < ∞ (Robbins and
Monro, 1951), which ensures that the iterates λ(t) converge to a local optimum as
t → ∞ under suitable regularity conditions (Bottou, 2010). Adaptive step sizes are
often used in practice, and we employ the ADAM method of Kingma and Ba (2015),
which uses bias-corrected estimates of the first and second moments of the stochastic
gradients to compute adaptive learning rates. The update in Eq. (3) continues until
a stopping criterion is satisfied.
To estimate the gradient, SGA methods often use the “log-derivative trick” (Kleijnen and Rubinstein, 1996), (Eq (∇λ log qλ (θ)) = 0), and it is straightforward to show
that
∇λ L (λ) = Eq (∇λ log qλ (θ) (log g(θ) − log qλ (θ))) ;
(4)
Eq is the expectation with respect to qλ (θ) in Eq. (4). Let
S
1X
(log g(θs ) − log qλ (θs )) ∇λi log qλ (θs ) .
gλi :=
S s=1

Then, (gλ1 , gλ2 , ..., gλm )> is an unbiased estimate of ∇λ L (λ), where m is the dimension of the variational parameters λ. However, this approach usually results in large
fluctuations in the stochastic gradients. Section 4 discusses variance reduction and
natural gradient methods for obtaining the unbiased gradient estimates, which are
very important for fast convergence and stability.
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Flexible Copula of a Mixture of Gaussians Variational Approximations (CMGVA)

Smith et al. (2020) propose Gaussian copula variational approximations which are
formed by using Gaussian distributions for an element-wise parametric transformations of the target posterior. They consider the Yeo-Johnson (Yeo and Johnson,
2000) and G&H families (Tukey, 1977) of element-wise parametric transformations
and use the sparse factor structures proposed by Ong et al. (2018) as the covariance
matrix of the Gaussian distributions. This section discusses the flexible CMGVA
that builds on the Gaussian copula variational approximation of Smith et al. (2020).
Let tγ (θ) := (tγ1 (θ1 ), . . . , tγm (θm ))> be a family of one-to-one transformations
with parameter vector γ. Each parameter θi is first transformed as ϕi := tγi (θi );
the density of ϕ := (ϕ1 , . . . , ϕm )> is then modeled as a K component multivariate
mixture of normals. The variational approximation density for θ is then obtained
by computing the Jacobian of the element-wise transformation from θi to ϕi , for
i = 1, ..., m, such that
qλ (θ) :=

K
X

πk N (ϕ|µk , Σk )

m
Y

ṫγi (θi ) ;

(5)

i=1

k=1

the variational parameters are

> 1
>
>
;
λ = γ1> , ..., γm
, µ>
1 , ..., µK , (π1 , ..., πK ) , (vech(Σ1 ), ..., vech(ΣK ))
ṫγi (θi ) := dϕi /dθi and
are

PK

k=1

πk = 1. The marginal densities of the approximation

qλi (θ) =

K
X

πk N (ϕi |µk,i , Σk,i )

m
Y

ṫγi (θi ) ,

(6)

i=1

k=1

>

K
K
, a sub-vector of
for i = 1, ..., m, with λi = γi> , µ>
,
vech(Σ
)
,
{π
}
k k=1
k,i
k,i
k=1
λ. As in Smith et al. (2020), the variational parameters λ are all identified in qλ (θ)
without additional constraints because they are also parameters of the margins given
in Eq. (6). These variational approximations can fit multimodal, skewed, heavy tails,
and high-dimensional posterior distributions with complex dependence structures.
When θ is high dimensional, we follow Ong et al. (2018) and adopt a factor
structure for each Σk , k = 1, ..., K. Let βk be an m × rk matrix, with rk  m. For


1

For an m × m matrix A, vec (A) is the vector of length m2 obtained by stacking the columns of
A under each other from left to right; vech (A) is the vector of length m (m + 1) /2 obtained from
vec (A) by removing all the superdiagonal elements of the matrix A.
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identifiability, we set the strict upper triangle of βk to zero. Let dk = (dk,1 , ..., dk,m )>
be a parameter vector with dk,i > 0, and denote by Dk the m × m diagonal matrix
with entries dk . We assume that
Σk := βk βk> + Dk2 ,
so that the number of parameters in Σk grows linearly with m if rk  m is kept
fixed. Note that the number of factors rk can be different for each component of the
mixture for k = 1, ..., K.
To draw S samples from the variational approximation given in Eq. (5), the indicator variables Gs , for s = 1, ..., S, are first generated; each Gs selects the component
of the mixture from which the sample is to be drawn, with Gs = k with probability πk . Then, (zGs ,s , ηGs ,s ) ∼ N (0, I) are generated, where zGs ,s is rGs -dimensional
and ηGs ,s is m-dimensional; ϕs = µGs + βGs zGs ,s + dGs ◦ ηGs ,s are then calculated,
where ◦ denotes the Hadamard product defined above. This representation shows
that the latent variables z, which are low-dimensional, explain all the correlation
between the transformed parameters ϕs , and the parameter-specific idiosyncratic
variance is captured by η. Finally, θs,i = t−1
γi (ϕs,i ) is generated for i = 1, ..., m and
s = 1, ..., S. The Yeo-Johnson (YJ) transformation (Yeo and Johnson, 2000) is used
for the transformation tγi for all i = 1, ..., m. If a parameter θi is constrained, it is
first transformed to the real line; for example, with a variance parameter we transform θi to its logarithm. Smith et al. (2020) gives the inverses and derivatives with
respect to the model and parameters. Both the Gaussian copula and mixture of
normals variational approximations are special cases of the CMGVA. The mixture
of normals variational approximation is a special case of the CMGVA when the variational parameters γi = 1, for all i = 1, ..., m. The Gaussian copula is a special case
of the CMGVA when the number of component in the mixture is K = 1.

4

Variational Methods

This section discusses the estimation method for the flexible variational approximation in Eq. (5). We first describe how the first component of the mixture is fitted
and then the process for adding an additional component to the existing mixture
approximation.
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4.1

Optimisation Methods

The method starts by fitting an approximation to the posterior distribution π (θ) with
a single mixture distribution, K = 1, using the variational optimisation algorithm
given in Smith et al. (2020); the optimal first component variational parameters are
>
> >
denoted as λ∗1 := µ>
, with the mixture weight π1 set to 1. We do
1 , β1 , d1 , π1 , γ
this by maximising the first lower bound objective function


(1)
L(1) (λ1 ) = Eqλ log g (θ) − log qλ1 (θ) ,
where
(1)

qλ1 (θ) = N ϕ; µ1 , β1 β1> + D12

λ∗1 = arg max L(1) (λ1 ) ,
λ1

m
Y

ṫγi (θi ) .

i=1

After the optimisation algorithm converges, λ1 is fixed as λ∗1 .
After iteration K, the current approximation to the posterior distribution π (θ)
is a mixture distribution with K components
(K)

qλ

(θ) =

K
X

πk N ϕ|µk , βk βk> + Dk2

m
Y

ṫγi (θi ) .

i=1

k=1

We can introduce a new mixture component with new component parameters,
(µK+1 , βK+1 , dK+1 ), and a new mixing weight πK+1 . The weight πK+1 ∈ [0, 1] mixes
between the new component and the existing approximation. The new approximate
distribution is
(K+1)
qλ

(θ) :=

(1 − πK+1 )

K
X

!

2

πk N ϕ|µk , βk βk> + Dk

+

k=1

πK+1 N

>
ϕ|µK+1 , βK+1 βK+1

+

2
DK+1

m
 Y

ṫγi (θi ) .

i=1

The new lower bound objective function is


(K+1)
L(K+1) (λK+1 ) := Eqλ log g (θ) − log qλ
(θ) ,
λ∗K+1 := arg max L(K+1) (λK+1 ) .
λK+1

Note that with the copula transformation fixed, updating the mixture approximation parameters is the same as updating an ordinary mixture approximation in
the transformed space of ϕ. Since the existing variational approximation is also fixed,
it is only necessary to optimise the new component parameters (µK+1 , βK+1 , dK+1 ),
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and the new mixing weight πK+1 , which reduces the dimension of the variational
parameters to be optimised. Although the existing mixture components are fixed,
their mixing weights can vary. It is possible to reoptimise the variational parameters γi for all i = 1, ..., m at each iteration of the algorithm. However, we obtained
no substantial improvement with the increased computational cost. The γi , for all
i = 1, ..., m, are kept fixed for iteration k > 1. The next section discusses how to
update the variational parameters.

4.2

Updating the Variational Parameters

This section outlines the updating scheme for the variational parameters of the new
component parameters (µK+1 , βK+1 , DK+1 ) and the new mixing weight πK+1 based
on natural-gradient methods and control-variates for reducing the variance of the unbiased estimates of the gradient of the lower bound. Many natural-gradient methods
for variational inference have been proposed recently (Hoffman et al., 2013; Khan
and Lin, 2017); these show that natural-gradients enable faster convergence than
traditional gradient-based methods.
The natural-gradient approach exploits the information geometry of the variational approximation qλ to speed-up the convergence of the optimisation. Assuming
that the Fisher information matrix (FIM), denoted by Fλ , of the qλ (θ) is positivedefinite for all λ ∈ Λ, the natural-gradient update is
λ

(t+1)

=λ

(t)



−1
\
(t)
+ at ◦ Fλ ∇λ L (λ ) , for t = 1, 2, ...

(7)

Multiplying the gradient of the lower bound by the inverse of the Fisher information
matrix leads to a proper scaling of the gradient in each dimension and takes into account dependencies between variational parameters λ. The natural-gradient update
in Eq. (7) requires computing and inverting the FIM, which can be computationally
expensive in high-dimensional problems. However, Khan and Nielsen (2018) shows
that the natural-gradient update can be much simpler than the traditional gradientbased methods for exponential family (EF) variational approximations. The standard
EF variational approximation is
qλ (θ) = h (θ) exp [hφ (θ) , λi − A (λ)] ,
where φ (θ) is the sufficient statistic, h (θ) is the base measure, and A (λ) is the logpartition. For such approximations, it is unnecessary to compute the Fisher information matrix (FIM) explicitly and the expectation parameter mθ (λ) = Eq (φ (θ)) can
be used to compute natural-gradients, provided the FIM is invertible. The update
9

for the natural-gradient methods is now


(t) ) , for t = 1, 2, ...
λ(t+1) = λ(t) + at ◦ ∇m\
L
(λ
θ

(8)

The following relationship is used to get the results in Eq. (8):


∇λ L (λ) = ∇λ m>
θ ∇mθ L (λ) = [Fλ ] ∇mθ L (λ) ;
the first equality is obtained by using the chain rule and the second equality is
2
obtained by noting ∇λ m>
θ = ∇λ A (λ) = Fλ ; see Lin et al. (2019) for a more detailed
discussion.
Lin et al. (2019) derive natural gradient methods for a mixture of EF distributions
in the conditional exponential family form
qλ (θ, w) = qλ (θ|w) qλ (w) ,

(9)

with qλ (θ|w) as the component and qλ (w) as the mixing distribution. A special
case is the finite mixture of Gaussians, where the components in EF form are mixed
using a multinomial distribution. They show that if the FIM, Fλ (θ, w), of the joint
distribution of θ and w, is invertible, then it is possible to derive natural-gradient
update without explicitly computing the FIM. They use the following update


λ(t+1) := λ(t) + at ◦ ∇m\
L (λ(t) ) , for t = 1, 2, ...,
with the expectation parameters m := (mθ , mw ), where mθ := Eqλ (θ|w)qλ (w) (φ (θ, w)),

K−1
with2 φ (θ, w) := Ik (w) θ, Ik (w) θθ> k=1 , and mw := Eqλ (w) (φ (w)) with φ(w) =
{Ik (w)}K−1
k=1 . This results in simple natural-gradient updates for the mixture components and weights. As a factor structure is used for the covariance matrix, we
adopt the natural-gradient updates of Lin et al. (2019) only for the new weight πK+1
P
0
and the mixture means µK+1 . Denote π10 := (1 − πK+1 ) K
k=1 πk and π2 := πK+1 ,
π10 + π20 = 1. The natural-gradient update for the new mixture weights, πK+1 is

log

π10
π20

(t+1)


= log

π10
π20

(t)



− at (δ1 − δ2 ) log (π (θ)) −

(K+1)
log qλ



(θ) ,

(10)

(K+1)

where qλ
(θ) is given in Eq. (5) and the natural-gradient update for the new
means µK+1 is



(K+1)
(t+1)
(t)
(t)
(t)>
2(t)
(θ) ; (11)
µK+1 = µK+1 −at δ2 βK+1 βK+1 + DK+1 ∇θ log (π (θ)) − ∇θ log qλ
2

Ik (w) denotes the indicator function which is 1 if w = k, and 0 otherwise

10

δ1 =

K
X

!

2

πk N ϕ|µk , βk βk> + Dk

/δtot ,

2
>
+ DK+1
δ2 = N ϕ|µK+1 , βK+1 βK+1



/δtot ,

k=1

where
δtot =

(1 − πK+1 )

K
X

!

2

πk N ϕ|µk , βk βk> + Dk

!
2
>
+ DK+1
+ πK+1 N ϕ|µK+1 , βK+1 βK+1

k=1

Updating the variational parameters βK+1 and dK+1 is now discussed. There are
two reasons why the reparameterisation trick is not used to update the variational
parameters βK+1 and dK+1 . The first is that Miller et al. (2017) found that using
the reparameterisation trick in the boosting variational method still results in a
large variance and it is necessary to use many samples to estimate the gradient
of the variational lower bound. The second is that it may not be possible to use
the reparameterisation trick because of the copula transformation. An alternative
method to update the variational parameters βK+1 and dK+1 is now discussed.
The gradients of the lower bound in Eq. (4) require the gradient ∇λ log qλ (θ).
The gradient of log qλ (θ) with respect to βK+1 is

2
>
+ DK+1
πK+1 N ϕ|µK+1 , βK+1 βK+1
∇vech(βK+1 ) log qλ (θ) =
δtot

−1
>
2
vech − βK+1 βK+1
+ DK+1
βK+1 +

−1
−1
>
2
>
2
βK+1 βK+1
+ DK+1
(ϕ − µK+1 ) (ϕ − µK+1 )> βK+1 βK+1
+ DK+1
βK+1 ,
and the gradient of log qλ (θ) with respect to dK+1 is

>
2
πK+1 N ϕ|µK+1 , βK+1 βK+1
+ DK+1
∇dK+1 log qλ (θ) =
δtot

−1
2
>
+ DK+1
DK+1 +
diag − βK+1 βK+1

−1
−1
>
2
>
2
+ DK+1
DK+1 .
βK+1 βK+1
+ DK+1
(ϕ − µK+1 ) (ϕ − µK+1 )> βK+1 βK+1
We also employ control variates as in Ranganath et al. (2014) to reduce the variance
of an unbiased estimate of gradient of the ∇vech(βK+1 ) L (λ) and ∇dK+1 L (λ) and the
efficient natural-gradient updates using the conjugate gradient methods given in Tran
et al. (2019). To use a conjugate gradient linear solver to compute Fλ−1 ∇λ L (λ) it
is only necessary to be able to quickly compute matrix vector products of the form
Fλ x for any vector x, without needing to store the elements of Fλ . When βK+1 is
a vector, the natural gradient can be computed efficiently as outlined in Algorithm

11



.

1. Our updates for βK+1 and dK+1 are pre-conditioned gradient steps based on
what a natural gradient update would be for a Gaussian approximation in the added
component, not the natural gradient in the mixture approximation. However, we
find this pre-conditioned gradient step improves efficiency compared to the ordinary
gradient. Algorithm 2 gives the full variational algorithm.
Algorithm 1 Computing the natural gradients for the vectors βK+1 and dK+1 .
Input: vectors βK+1 and dK+1 and the standard gradients gβK+1 = ∇vech(βK+1 ) L (λ)
and gdK+1 = ∇dK+1 L (λ)
−1
nat
nat
Output: gβnat
= Fλ−1 gβK+1 = ∇nat
vech(βK+1 ) L (λ) and gdK+1 = Fλ gdK+1 = ∇dK+1 L (λ).
K+1
−3
2
2
• Compute the vectors: v1 = d2K+1 − 2βK+1
◦ d−4
K+1 , v2 = βK+1 ◦ dK+1 , and the
Pm 2
P
−1
2
scalars κ1 = i=1 βK+1 /d2K+1 , and κ2 = 0.5 (1 + m
i=1 v2i /v1i ) .

• Compute:
=
gβnat
K+1



1 + κ1  >
gβK+1 βK+1 βK+1 + d2K+1 ◦ gβK+1 ,
2κ1

and
gdnat
K+1

=

0.5v1−1

◦ gdK+1 + κ2

12

h

v1−1

◦ v2

>

gdK+1

i


v1−1 ◦ v2 .

(12)

(13)

Algorithm 2 Variational Algorithm


(0)
>(0)
(0)
>(0)
(0)
1. (a) Initialize λK+1 = µK+1 , vech(βK+1 ), dK+1 , πK+1 , set t = 0, and generate
(t)

(K+1)

θs ∼ qλ
(θ) for s = 1, ..., S. Let mβ , md , be the number of elements in
vech (βK+1 ), and dK+1 .

0
(t)
(t)
(t)
(b) Evaluate the control variates ςvech(βK+1 ) = ς1,vech(βK+1 ) , ..., ςmβ ,vech(βK+1 ) ,

0
(t)
(t)
(t)
ςdK+1 = ς1,dK+1 , ..., ςmd ,dK+1 , with




cov [log (π (θ)) − log qλ (θ)] ∇λi,dK+1 log qλ (θ) , ∇λi,dK+1 log qλ (θ)


,
V ∇λi,dK+1 log qλ (θ)
(14)
for i = 1, ..., md , where cov and V (·) are the sample estimates of covariance and
(t)
variance based on S samples from step (1a). The ςvech(βK+1 ) can be estimated
similarly.
(t)

ςi,dK+1 =

Repeat until the stopping rule is satisfied
• Update βK+1 , dK+1 :
(t)

(K+1)

1. Generate θs ∼ qλ

(θ) for s = 1, ..., S.


(t)
(t)
\
(t)
2. Compute ∇vech(βK+1 ) L (λ ) = g1,vech(βK+1 ) , ..., gmβ ,vech(βK+1 ) , with

S
i


1 Xh
(k)
=
log π θs(t) − log qλ θs(t) − ςi,vech(βK+1 ) ∇vech(βK+1 ) log qλ (θs )
S s=1
(15)


(t)
(t)
\
3. The gradient of lower bound ∇dK+1
L (λ(t) ) = g1,dK+1 , ..., gmd ,dK+1 can be
computed similarly as in Eq. (15).
(t)
gi,vech(βK+1 )

(t)

(t)

4. Compute the control variate ςvech(βK+1 ) and ςdK+1 as in Eq. (14) and compute
gβnat
and gdnat
using algorithm 1.
K+1
K+1
5. Compute 4dK+1 , 4vech (βK+1 ) using ADAM methods described in Section
(t+1)
(t)
4.4. Then, set dK+1 = dK+1 + 4dK+1 , vech (βK+1 )(t+1) = vech (βK+1 )(t) +
4vech (βK+1 ).
• Update µK+1 and πK+1
(t)

(K+1)

1. Generate θs ∼ qλ

(θ) for s = 1, ..., S.

2. Use Eq. (10) to update πK+1 and Eq. (11) to update µK+1 , respectively. Set
t=t+1
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4.3

Initialising a New Mixture Component

Introducing a new component requires setting the initial values for the new component parameters (µK+1 , βK+1 , DK+1 ) and new mixing weight πK+1 . A good initial
value for the new mixture component should be located in the region of the target posterior distribution π (θ) that is not well represented by the existing mixture
(K)
approximation qλ (θ). There are many ways to set the initial value. We discuss
some suggestions that work well in our examples. The elements in βK+1 are initialized by N (0, 0.012 ), the diagonal elements in DK+1 are initialized by 0.01, and the
mixture weight πK+1 is initialized by 0.5. Algorithm (3) gives the initial value for
µK+1 = (µ1,K+1 , ..., µm,K+1 )> .
Algorithm 3 Initial values for µK+1 .
Input: {πk , µk , βk , dk }K
k=1 and γ
Output: initial values for µK+1
PK
• Compute the mean estimates of the current approximation ϕ=
b
k=1 πk µk .
• For each i = 1 to m
– Construct a grid of S values of ϕi , fixing the other parameters at their
posterior means or some other reasonable values, and denote this m × S
matrix as ϕ∗ . One way to construct the grid of S values is to draw
samples from the current approximation, and compute the minimum and
maximum values (min (ϕi ) , max (ϕi )) for ϕi for i = 1, ..., m.
∗
– Compute θs∗ = t−1
γ (ϕs ) for s = 1, ..., S.

– Compute the ws∗ =

π(θs∗ )
(K) ∗
qλ (θs )

for s = 1, ..., S

– Set µi,K+1 = ϕ∗i,s with the largest weight, or choose µi,K+1 = ϕ∗i,s with a
probability proportional to the weight ws∗ .
• Alternatively, when the dimension of the parameters is large,
– Draw S samples from the current approximation ϕs , and compute θs∗ =
(K)
∗
∗
∗
t−1
(θs∗ ) for s = 1, ..., S. Then, set
γ (ϕs ), and the weights ws = π (θs ) /qλ
∗
µK+1 = ϕs with the largest weight or choose µK+1 = ϕ∗s with a probability
proportional to the weight ws∗ .

4.4

Learning Rate

Setting the learning rate in a stochastic gradient algorithm is very challenging, especially when the parameter vector is high dimensional. The choice of learning rate
affects both the rate of convergence and the quality of the optimum attained. Learning rates that are too high can cause unstable optimisation, while learning rates
14

that are too low result in slow convergence and can lead to a situation where the
parameters erroneously appear to have converged. In all our examples, the learning
rates are set adaptively using the ADAM method (Kingma and Ba, 2015) that gives
different step sizes for each element of the variational parameters λ. At iteration
t + 1, the variational parameter λ is updated as
λ(t+1) := λ(t) + 4(t) .
Let gtnat denote the natural stochastic gradient estimate at iteration t. ADAM computes (biased) first and second moment estimates of the gradients using exponential
moving averages,
mt = τ1 mt−1 + (1 − τ1 ) gtnat ,
nat
vt = τ2 vt−1 + (1 − τ2 ) gt2
,
where τ1 , τ2 ∈ [0, 1) control the decay rates. The biased first and second moment
estimates can be corrected by

m
b t = mt / 1 − τ1t ,


vbt = vt / 1 − τ2t ;

the change 4(t) is then computed as
αm
bt
.
4(t) = √
vbt + 
We set τ1 = 0.9, τ2 = 0.99, and  = 10−8 (Kingma and Ba, 2015). It is possible to
use different α for µ, β, d, and π. We set αµ = 0.01, αβ = αd = απ = 0.001, unless
stated otherwise.

5

Examples

To illustrate the performance of the CMGVA, we employ it to approximate complex
and high-dimensional posterior distributions of the model parameters for simulated
and real datasets, where its greater flexibility may increase the accuracy of inference
and prediction compared to simpler approximations.
This section has four examples. In the first example, the CMGVA is used to
approximate a high dimensional, skewed, and heavy tailed distribution. In the second example, the CMGVA is used to approximate a high dimensional multimodal
distribution. The third example uses the CMGVA to approximate the posterior
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distributions of logistic and linear regression models with complex prior distributions. The fourth example uses the CMGVA to fit a Bayesian deep neural network
regression model.
In all examples, the CMGVA is compared to the state-of-the-art Gaussian copula
variational approximation of Smith et al. (2020) and mixture of normals variational
approximations. All the examples are implemented in Matlab and run on a standard
desktop computer. Unless otherwise stated, we use the estimates of the variational
lower bound to select the optimal number of components in the mixture approximations. In principle, making the variational family more flexible by adding new
components should not reduce the variational lower bound; in practice, the difficulty
of the optimization means that adding a new component may worsen the approximation. The boosting approach, where an existing approximation is improved allows
us to tune the accuracy/computational effort trade-off, where we start with a rough
fast approximation and keep improving until the computational budget is exhausted.
All the variational parameters are initialised using the approach in Section 4.3.

5.1

Skewed and Heavy-Tailed High-Dimensional Distributions

This section investigates the performance of the CMGVA to approximate skewed,
heavy-tailed, and high-dimensional target distributions and compare it to Gaussian
copula and mixture of normals variational approximations. The target distributions
π (θ) are assumed to follow multivariate t-copula,
m
Y
dζi
,
π (θ) := π (ζ)
dθ
i
i=1

(16)

for i = 1, ..., m. The density π (ζ) is a multivariate t-distribution with zero mean, fullcovariance matrix (ones on the diagonal and 0.8 on the off-diagonals), and degrees
of freedom df = 4. The Yeo-Johnson (YJ) transformation with parameters set to
0.5 (Yeo and Johnson, 2000) is used. The dimension of the parameters θ is set to
m = 100. The number of factors r1 is set to 4 for the first component and rk = 1,
for each additional mixture components for k = 2, ..., 20. We use S = 50 samples to
estimate the gradients of the lower bound. The algorithm in Smith et al. (2020) is
performed for 20000 iterations to obtain the optimal variational parameters for the
first component of the mixture, and then Algorithm 2 is performed for 5000 iterations
to obtain the optimal variational parameters for each additional component of the
mixture.
We first compare the performance of the natural gradient method of updating µ,
16

β, and d to the ordinary gradient method. The mixture weights are still updated
using the natural gradient method as described in Section 4.2. In this example, the
step sizes αµ = αβ = αd = 0.01 and απ = 0.001, for the natural gradient method
and αµ = αβ = αd = απ = 0.001 for the ordinary gradient method. The ordinary
gradient is unstable and fails to converge with larger step sizes. Figure 1 shows the
lower bound values over iterations for the ordinary gradient and natural gradient
methods for the 2-component CMGVA for the multivariate t-copula example. The
figure clearly shows that the natural gradient is much less noisy and converges much
faster than the ordinary gradient. We therefore use the natural gradient method in
all the examples reported below.
Figure 2 monitors the convergence of the CMGVA from K = 2 to 10 components
via the estimated value of the lower bound. The figure shows the fast and stable
convergence of the optimisation algorithm for all components. Figure 3 shows the
average lower bound value over the last 500 steps of the optimisation algorithm for 2
to 20-components CMGVA. Comparing the values of the lower bound, it can be seen
that there is substantial improvement obtained from k = 3 to 7 components compared
to the Gaussian copula variational approximation, and there are further smaller
improvements after that. The optimal number of components for this example is 17.
The figure also shows that the Gaussian copula is better than the mixture of normals
variational approximation for any number of components for this example.
Figure 4 shows the kernel density estimates of the marginal densities of the parameter θ1 estimated using the Gaussian copula and CMGVA with k = 2, .., 20
components. Clearly, the CMGVA with the optimal number of components captures
both the skewness and the heavy tails of the marginal posteriors π (θ1 ) very well,
whereas the Gaussian copula approximation does worse. Figure 5 shows the scatter
plot of the observations from the first and second margins generated from the true
target densities, Gaussian copula variational approximation, and the 15-components
CMGVA. This confirms the observation that the CMGVA is much better at capturing the skewness and heavy-tailed properties of the true target densities compared
to the Gaussian copula and mixture of normals variational approximations.
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Figure 1: The plot of the lower bound values over iterations for the ordinary gradient
and natural gradient methods for the 2-components CMGVA for the 100-dimensional
multivariate t-copula example.

Figure 2: The plot of the lower bound values for the 2-components to 10-components
CMGVA for the 100-dimensional multivariate t-copula example.
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Figure 3: The plot of the average lower bound values over the last 500 steps for the
CMGVA and mixture of normals variational approximation for the 100-dimensional
multivariate t-copula example.

Figure 4: Kernel Density Estimates of the marginal parameter θ1 approximated by
Gaussian copula (red) and CMGVA (yellow) with true target density (blue).
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Figure 5: Scatter plot of the observations from the first and second margins generated
from true target density (blue), Gaussian copula variational approximation (yellow),
and 17-components CMGVA (orange).

5.2

Multimodal High-Dimensional Target Distributions

This section investigates the ability of the CMGVA to approximate multimodal highdimensional target distributions and compares it to the Gaussian copula and the
mixture of normals variational approximations. The target distribution is the multivariate mixture of normals,
π (θ) =

3
X

wc N (θ|uc , Σc ) .

c=1

The dimension of the parameters θ is set to 100. Each element ui,c is uniformly drawn
from the interval [−2, 2] for i = 1, ..., 100 and c = 1, .., 3. We set the full covariance
matrix Σc with ones on the diagonal and the correlation coefficients ρ = 0.2 and
0.8 in the off-diagonals for all components. The number of factors r1 = 4 for the
first component and rk = 1, for each additional mixture component for k = 2, ..., 20.
Similarly to the previous example, we use S = 50 samples to estimate the gradients
of the lower bound. The algorithm in Smith et al. (2020) is performed for 20000
iterations to obtain the optimal variational parameters for the first component of the
mixture and then Algorithm 2 is performed for 5000 iterations to obtain the optimal
variational parameters for each additional component of the mixture. The CMGVA is
compared to the Gaussian copula and mixture of normals variational approximations.
The step sizes are set to the values given in Section 5.1. Figure 6 shows the average
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lower bound values over the last 500 steps for the CMGVA and mixture of normals
variational approximation for the 100-dimensional mixture of normals example. The
figure shows that the performance of the CMGVA is comparable to the mixture
of normals variational approximation for this example. Figure 7 confirms that by
showing that all the YJ-parameters are close to 1. The mixture of normals is a special
case of CMGVA when all the YJ-parameters are equal to 1, and is clearly much better
than the Gaussian copula in this example. Figure 8 monitors the convergence of the
CMGVA from K = 2 to 10 components via the estimated value of the lower bound
(ρ = 0.8). The figure clearly shows fast and stable convergence of the optimisation
algorithm for all components even for high-dimensional target distribution. Similar
conclusions can be made for the case ρ = 0.2.
Figures 9 and 10 show the kernel density estimates of some of the marginal
parameters θ approximated with the Gaussian Copula, the optimal CMGVA, and
the optimal mixture of normals for the cases ρ = 0.2 and 0.8, respectively, together
with the true marginal distributions. Clearly, the CMGVA and mixture of normals
approximate the true target densities of the marginal parameters θ much better than
the Gaussian copula and are able to approximate multimodal posteriors. Finally,
Figures 11 and 12 show the scatter plots of the observations from the 10th and
20th margins generated from the true target density, Gaussian copula variational
approximation, and the optimal CMGVA for ρ = 0.2 and 0.8, respectively. These
figures also confirm that both the CMGVA and mixture of normals capture the
bimodality and complex-shaped of the two dimensional target distribution of the
parameters.
We now study the performance of CMGVA as an approximation to the target
distributions which are q-variate normal with zero mean and full covariance matrix with ones on the diagonal, and with correlation coefficients ρ = 0.8 in the
off-diagonals. Figure 13 plots the average lower bound values over the last 500 steps
for the CMGVA for this example and shows that there is no improvement obtained
by adding additional components in the mixture.
The two examples suggest that: (1) The CMGVA is able to approximate heavy
tails, multimodality, skewness and other complex properties of the high dimensional
targets very well on a variety of examples, and is better than the Gaussian copula or
a mixture of normals variational approximations. The Gaussian copula is better than
a mixture of normals at approximating a skewed target distribution as in Section 5.1.
The mixture of normals is clearly better than a Gaussian copula at approximating
multimodal target distributions. (2) Adding a few components to the Gaussian copula improves its ability to approximate complex target distributions. Therefore, the
proposed approach can be considered as a refinement of the Gaussian copula varia21

tional approximation. (3) The variational optimisation algorithm with the natural
gradient approaches provides stable and fast convergence compared to ordinary gradient methods. (4) Adding components one at a time provides a practical variational
inference method that constructs an increasingly complicated approximation and is
applicable to a variety of multivariate target distributions.
Figure 6: The plot of the average lower bound values over the last 500 steps for the
CMGVA and mixture of normals variational approximation for the 100-dimensional
mixture of normals example.

Figure 7: The plot of the YJ-parameters γi for all i = 1, ..., m of the CMGVA for
the mixture of normals example.
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Figure 8: The plot of lower bound values for CMGVA for the 100-dimensional multivariate mixture of normals distribution examples with ρ = 0.8.

Figure 9: Kernel density estimates of some of the marginal parameters θ approximated with a Gaussian Copula, CMGVA (with the optimal number of components
K = 10), and a mixture of normals variational approximation (with the optimal
number of components K = 6) for the mixture of normals example with ρ = 0.2

Figure 10: Kernel density estimates of some of the marginal parameters θ approximated with the Gaussian Copula, CMGVA (with the optimal number of components
K = 4), and mixture of normals variational approximation (with the optimal number
of components K = 4) for the mixture of normals example with ρ = 0.8
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Figure 11: Top: Scatter plot of the observations generated from true target distribution (blue), and a 10-component CMGVA (orange) for the mixture of normals
example with ρ = 0.2; Bottom: Scatter plot of the observations generated from true
target distribution (blue), and Gaussian copula (orange) for the mixture of normals
example with ρ = 0.2
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Figure 12: Top: Scatter plot of the observations generated from true target distribution (blue), and 4-component CMGVA (orange) for the mixture of normals example
with ρ = 0.8; Bottom: Scatter plot of the observations generated from true target
distribution (blue), and Gaussian copula (orange) for the mixture of normals example
with ρ = 0.8
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Figure 13: The plot of the average lower bound values over the last 500 steps for the
CMGVA for the 100-dimensional normal dsitribution example.

5.3

Bayesian Regression Models with Complex Prior Distributions

This section considers linear and logistic regression models with complex prior distributions for the regression parameters b = (b0 , b1 , ..., bp )> , where p + 1 is the number
of regression parameters. The prior for each regression parameter bi , for i = 1, ..., p,
is the mixture of skew normals of Azzalini (1985)
p bi |w, µ1 , σ12 , α1 , µ2 , σ22 , α2



=

  

bi − µ1
bi − µ1
Φ α1
+
σ1
σ1

  

bi − µ2
1
bi − µ2
Φ α2
,
2 (1 − w) φ
σ2
σ2
σ2

2w

1
φ
σ1



(17)

where φ and Φ are the standard normal density function and standard normal cdf,
respectively. The prior for the b0 is N (0, 1). The prior for the variance parameter τ 2 in
the linear regression model is Gamma(1, 1); it is the gamma distribution with shape
parameter 1 and scale parameter 1. The hyperparameters of the prior distribution
in Eq. (17) are set to α1 = α2 = −20, σ12 = σ22 = 1, µ1 = 0, µ2 = 1, and w = 0.5.
Figure 14 plots the prior distribution for the regression parameter bi which exhibits
both skewness and multimodality. The complex prior distribution for each regression
parameter is chosen to create a complex prior structure to evaluate the performance
of CMGVA and compare it to Gaussian copula and mixture of normals variational
approximations.
For logistic regression, the model for the response yi ∈ {0, 1}, given p×1 covariates
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and parameters, is

exp yi x>
i b
.
p (yi |xi , b) =
1 + exp yi x>
i b
For linear regression, the model for
yi ∈ R, given a set of covariates and
 the>response

yi −xi b
1
2
parameters is p (yi |xi , b, τ ) = τ φ
. There are p + 1 and p + 2 parameters in
τ
the logistic and linear regression models, respectively.
We consider the spam, krkp, ionosphere, and mushroom data for the logistic
regressions; they have sample sizes n = 4601, 351, 3196, and 8124, with 104, 111,
37, and 95 covariates, respectively and are also considered by Ong et al. (2018)
and Smith et al. (2020); the data are available from the UCI Machine Learning
Repository (Lichman, 2013). 3 In the results reported below we only use the first 250
observations of each dataset. The small dataset size and complex prior distribution
for the regression parameters b are chosen to create a complex posterior structure.
For the Bayesian linear regression models, we consider two datasets: a direct
marketing dataset and an abalone dataset. The direct marketing dataset is originally from the statistics textbook by Jank (2011); it consists of 1000 observations,
with the response being the amount (in $1000) a customer spends on the company’s
products per year. There are 11 covariates including gender, income, the number of
catalogs sent, married status, young, old, etc; we include the interaction terms of all
the covariates, so the total number of covariates is 67. The abalone dataset, available on the UCI Machine Learning Repository, has 4177 observations. The response
variable is the number of rings used to determine the age of the abalone. There are
9 covariates including sex, length, diameter, as well as other measurements of the
abalone. We include the interaction terms of all the covariates, giving a total number
of covariates of 46. Only the first 50 observations from both datasets are used to estimate the Bayesian linear regression model. The small dataset size and complex prior
distribution for the regression parameters b are chosen to create a complex posterior
structure to evaluate the performance of CMGVA and compare it to the Gaussian
copula and mixture of normals variational approximations. Similarly to the previous
example, we set the number of factors r1 to 4 for the first component and rk = 1,
for each additional mixture component for k = 2, ..., 20. We use S = 50 samples
to estimate the gradients of the lower bound. The algorithm given in Smith et al.
(2020) is performed for 20000 iterations to obtain the optimal variational parameters for the first component of the mixture and then the algorithm 2 is performed
for 5000 iterations to obtain the optimal variational parameters for each additional
component of the mixture.
Figures 15 and 16 show the average lower bound values over the last 500 steps
3

see https://archive.ics.uci.edu/ml/datasets.php for further details.
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of the optimisation algorithm for the CMGVA and mixture of normals variational
approximation for the Bayesian logistic regression model for the four datasets. The
figures show that the CMGVA is better than the mixture of normals variational
approximation for any number of components. There is substantial improvement
obtained by adding 3 to 8 components to the Gaussian copula variational approximation, and there are further small improvements after that for the ionosphere,
krkp, and spam datasets. However, the lower bound values slightly decrease as more
components are added for the mushroom dataset.
Figure 17 shows the average lower bound values over the last 500 steps of the
optimisation algorithm for the CMGVA and mixture of normals variational approximation for the Bayesian linear regression model for the abalone and direct marketing
datasets. The figure confirms that the CMGVA is better than the mixture of normals
variational approximation for any number of components and there is substantial improvements obtained just by adding one or two components to the Gaussian copula
variational approximation for both datasets.
Figure 14: The prior distribution for the regression parameters b
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Figure 15: The plots of the average lower bound values over the last 500 steps for the
CMGVA and mixture of normals variational approximation for the Bayesian logistic
regression model for the ionosphere and krkp datasets

Figure 16: The plots of the average lower bound values over the last 500 steps for the
CMGVA and mixture of normals variational approximation for the Bayesian logistic
regression model for the mushroom and spam datasets
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Figure 17: The plots of the average lower bound values over the last 500 steps for the
CMGVA and mixture of normals variational approximation for the Bayesian linear
regression model for the abalone and direct marketing datasets

One example where the complex prior distributions may arise is in the context
of variable selection for Bayesian linear and logistic regression models. Suppose
that some parameters are assumed to be positive or zero. Then, we can take the
prior distribution for each regression parameter to be mixture of gammas with two
components; the first component is centred very close to zero and has small variance
and the second one is centred away from zero with much larger variance.

5.4

Flexible Bayesian Regression with a Deep Neural Network

Deep feedforward neural network (DFNN) models with binary and continuous response variables are widely used for classification and regression in the machine
learning literature. The DFNN method can be viewed as a way to efficiently transform a vector of p raw covariates X = (X1 , ..., Xp )> into a new vector Z having the
form
Z := fL (WL, fL−1 (WL−1 , ..., f1 (W1 , X))) .
(18)
Each Zl = fl (Wl , Zl−1 ), l = 1, ..., L, is called a hidden layer, L is the number of
hidden layers in the network, W = (W1 , ..., WL ) is the set of weights and Z0 = X
by construction. The function fl (Wl , Zl−1 ) is assumed to be of the form hl (Wl Zl−1 ),
where Wl is a matrix of weights that connect layer l to layer l + 1 and hl (·) is a scalar
activation function. Estimation in complex high dimensional models like DFNN re30

gression models is challenging. This section studies the accuracy of posterior densities and the predictive performance of the model based on CMGVA and compares
it to the Gaussian copula and the mixture of normals for a DFNN regression model
with continuous responses; see Goodfellow et al. (2016) for a comprehensive recent
discussion of DFNNs and other types of neural networks.
Consider a dataset D with n observations, with yi the scalar response and xi =
(xi1 , ..., xip )> the vector of p covariates. We consider a neural network structure with
the input vector x and a scalar output. Denote zl := fl (x, w), l = 1, ..., M , the units
in the last hidden layer, w is the vector of weights up to the last hidden layer, and
b = (b0 , b1 , ..., bM )> are the weights that connect the variable zl , l = 1, ..., M , to the
output y. The model, with a continuous response y, can be written as
σ 2 ∼ Gamma (1, 10) ,
τ 2 ∼ Gamma (1, 10) ,

wi ∼ SN 0, 1/σ 2 , α , for i = 1, ..., Mw ,

bl ∼ SN 0, 1/σ 2 , α , for l = 1, ..., M,

y|x, w, b, τ ∼ N b> z, 1/τ 2 ,

(19)
(20)
(21)
(22)
(23)

where Mw is the number of weight parameters; SN (B; 0, 1/σ 2 , α) is a skewnormal density distribution of Azzalini (1985) with density 2σφ (σB) Φ (ασB) , and
Gamma (1, 10) is the gamma distribution with shape parameter 1 and scale parameter 10. The hyperparameter α is set to 4; Miller et al. (2017) uses similar priors for
σ 2 and τ 2 .
All the examples use the rectified linear unit (ReLU) max (0, x) := h (x) as an
activation function, unless otherwise stated; ReLU is widely aqpplied in the deep
learning literature (Goodfellow et al., 2016) because it is easy to use within optimization as it is quite similar to a linear function, except that it outputs zero for
negative values of x.
To evaluate the prediction accuracy of a DFNN regression model estimated by
the Gaussian copula variational approximation, the CMGVA, and the mixture of
normals, we consider the partial predictive score (PPS) defined as
PPS := −

1
ntest

X



log p yi |xi , θb ,

test data

with θb a posterior mean estimate of the model parameters. The lower the PPS value,
the better the prediction accuracy. In this example: the number of factors is set to 1
for all k = 1, ..., 20 components in the mixture; S = 100 samples are used to estimate
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the gradients of the lower bound; the training of the neural net is stopped if the
lower bound does not improve after 100 iterations; to reduce the noise in estimating
the lower bound, we take the average of the lower bound over a moving window of
100 iterations (see Tran et al., 2017, for further details); the step sizes are set to the
values given in Section 4.4, except αµ is set to 0.001.
We consider the two datasets used in Section 5.3: the direct marketing dataset
and the abalone dataset. The direct marketing dataset consists of 1000 observations,
of which 900 are used for training the neural networks and the rest for testing. The
abalone dataset has 4177 observations; we use 85% of the data for training and the
rest for testing. Both datasets have continuous responses.
A neural net with a (11,5,5,1) structure is used for the direct marketing dataset,
i.e. the input layer has 11 variables, there are two hidden layers each having 5 units
and there is a (one) scalar output. The first layer has 11 × 5 = 55 w parameters,
the second layer has 6 × 5 = 30 w parameters (including the intercept term), and 6
b parameters (including the intercept term); this gives a total of 91 parameters. A
neural net (9,5,5,1) structure is used for the abalone data set, and similar calculation
can be done for it to give a total of 75 parameters.
This section studies the accuracy of the posterior density estimates and the predictive performance based on CMGVA and compares it to the standard Gaussian
copula and the mixture of normals variational approximations. Figure 18 shows the
average lower bound value over the last 100 steps of the optimisation algorithm for
the two datasets. The figure shows that estimating a neural network regression models with 3 to 4-components of the CMGVA increases the lower bound significantly for
the direct marketing dataset compared to a Gaussian copula. The lower bound for
the abalone dataset first decreases the lower bound up to 9-components and then increases it significantly up to 20-components for the CMGVA. The optimal number of
components for the direct marketing and abalone datasets are 9 and 20, respectively;
the optimal CMGVA is much better than Gaussian copula and mixture of normals
variational approximation for both datasets. Figure 19 plots the average of PPS
values over the last 100 steps of the optimisation algorithm for the two datasets–the
lower the PPS values, the better the predictive performance. The figure shows that
there are substantial predictive improvements by estimating K = 3 or 4 components
of the mixture for the direct marketing dataset; there are no significant improvements
after K = 7 components. For the abalone dataset, the PPS is signifcantly improved
after K = 10 components; this is in line with the plot of the lower bound in Figure
18.
Figures 20 and 21 display the kernel density estimates of some of the marginal posteriors of the parameters of the deep neural network regression models from the direct
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marketing and abalone datasets, respectively. The figures show that the CMGVA
is able to approximate multimodal, skewed, and heavy-tailed posterior distributions
of the model parameters and is different to the estimates from the Gaussian copula
variational approximation. This confirms the usefulness of the CMGVA for complex
and high-dimensional Bayesian deep neural network regression models.
Figure 18: The plots of the average lower bound values over the last 100 steps for the
CMGVA and mixture of normals variational approximation for the DFNN regression
model for the direct marketing and abalone datasets

Figure 19: The plots of the average PPS values over the last 100 steps for the CMGVA
and mixture of normals variational approximation for the DFNN regression model
for the direct marketing and abalone datasets
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Figure 20: Kernel density estimates of some of the marginal parameters approximated with the Gaussian copula of Smith et al. (2020) and the CMGVA with 9
components for the direct marketing dataset. Marginal 11 means the 11th marginal
posterior of the parameters (w, b).

Figure 21: Kernel density Estimates of some of the marginal parameters approximated with Gaussian copula of Smith et al. (2020) and the CMGVA with 20 components for the abalone dataset. Marginal 11 means the 11th marginal posterior of
the parameters (w, b)

34

6

Conclusions

The article approximates a posterior distribution by a copula of a mixture of normals
(CMGVA), and constructs a variational method to estimate the approximation. The
VB method is made efficient by using the natural gradient and control variates. Our
approach of adding one component at a time provides a practical variational inference method that constructs an increasingly complicated posterior approximation
and is an extension and refinement of state-of-the-art Gaussian copula variational
approximation in Smith et al. (2020). The CMGVA approach applies to a wide range
of Bayesian models; we apply it to four complex examples, including Bayesian deep
learning regression models, and show that it improves upon the Gaussian copula
and mixture of normals variational approximations in terms of both inference and
prediction. Our article uses a factor structure for the covariance matrix in our variational approximation, but it is straightforward to extend the variational approach
to consider other sparse forms of the covariance structure, such as a sparse Cholesky
factorisation as in Tan et al. (2020).
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