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On the cross-inefficiency approach based on the deviation variables 

framework: some computational remarks 

Abstract 

Ebrahimi, Dhamotharan, Ghasemi, and Charles (2022) (A cross-inefficiency approach based 

on the deviation variables framework. Omega 111, 102668) developed benevolent and 

aggressive formulations for cross-inefficiency data envelopment analysis to avoid non-unique 

optimal solutions. They further proposed a new approach to deal with negative efficiency 

scores that may occur in a cross-inefficiency evaluation. By providing some numerical 

counterexamples, we illustrate that their developed benevolent and aggressive formulations 

may still suffer from non-unique optimal solutions, leaving the problem of non-unique scores 

and rankings unresolved. In addition, we demonstrate that the negative efficiency scores can 

be circumvented simply by using normalized inefficiency scores (deviation variables). Finally, 

we develop a linear programming-based operational test to determine whether the cross-

(in)efficiency scores and rankings are unique. 

Keywords: Data envelopment analysis; Discriminating power; Cross-inefficiency; Multiple 

optimal solutions; Negative scores.  

1. Introduction 

Improving the discriminating power of data envelopment analysis (DEA) models has been the 

subject of many recent studies. Ghasemi et al. (2019), for instance, adapted the deviation 

variables framework to develop a new DEA-based ranking approach. Mahdiloo et al. (2021) 

demonstrated that Ghasemi et al. (2019)'s new ranking approach is not applicable in practice 

because its development is based on a fundamental misconception about deviation variables. 

Mahdiloo et al. (2021) further elaborated on how to interpret and use deviation variables 

properly and suggested the cross-inefficiency approach as an alternative to Ghasemi et al. 

(2019)'s ranking method. Mahdiloo et al. (2021) also demonstrated that Ghasemi et al. (2019)’s 

ranking approach generates non-unique optimal solutions and rankings, contrary to what they 

claimed. 

In a more recent study, as a remedy to the issue of non-unique optimal solutions, Ebrahimi et 

al. (2022) proposed a set of secondary goals based on benevolent and aggressive formulations 

within the framework of cross-inefficiency data envelopment analysis. Theorem 2 in their 

paper states that their proposed aggressive and benevolent models always have a unique 
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optimal solution. In this paper, however, we provide two counterexamples illustrating that their 

Theorem 2 (and its proof) are not true in general. Therefore, aggressive and benevolent 

formulations cannot guarantee unique weights, (in)efficiency scores, and rankings.  

The second major contribution of Ebrahimi et al. (2022) is to propose a new approach to 

handling negative efficiency scores in the variable returns-to-scale (VRS) cross-inefficiency 

approach. We first argue that the constant returns-to-scale (CRS) cross-inefficiency evaluation 

can also contain negative efficiency scores if efficiency scores are calculated as 1 − 𝑑𝑝𝑗
∗ , where 

𝑑𝑝𝑗
∗  is the inefficiency of jth decision making unit (DMUj) using optimal weights of DMUp. As 

a result, the presence of negative efficiency scores is not a VRS-specific issue when efficiency 

scores are derived from 1 − 𝑑𝑝𝑗
∗ . Second, we demonstrate that it is possible to prevent negative 

cross-efficiency scores by simply normalizing the deviation variables after optimization. 

Finally, we develop an operational test to verify the uniqueness of the cross-inefficiency results 

which requires solving a single LP problem. When such mathematical evidence is provided for 

the existence of unique ranking results, cross-inefficiency can be used with greater confidence. 

2. Cross-inefficiency approach 

Model (1) below minimizes the deviation variable (inefficiency) with the aim of maximizing 

the efficiency of the DMU under evaluation. Ebrahimi et al. (2022) used Model (1) for the self-

evaluation of DMUs prior to their cross-inefficiency (peer)-evaluation: 

 

min 𝑑𝑝𝑝  

s. t. ∑ 𝑣𝑖𝑝
𝑚
𝑖=1 𝑥𝑖𝑝 = 1,  

 ∑ 𝑢𝑟𝑝
𝑠
𝑟=1 𝑦𝑟𝑗 − ∑ 𝑣𝑖𝑝

𝑚
𝑖=1 𝑥𝑖𝑗 + 𝑑𝑝𝑗 − 𝑤𝑝 = 0, 𝑗 = 1, … , 𝑛,

 𝑢𝑟𝑝 ≥ 0, 𝑟 = 1, … , 𝑠,

 𝑣𝑖𝑝 ≥ 0, 𝑖 = 1, … , 𝑚,

 𝑑𝑝𝑗 ≥ 0, 𝑗 = 1, … , 𝑛,

 𝑤𝑝 𝑓𝑟𝑒𝑒 𝑖𝑛 𝑠𝑖𝑔𝑛  

  
(1) 

where the indices 𝑗 = 1, … , 𝑛, are for DMUs, r, 𝑟 = 1, … , 𝑠, are for outputs and i, 𝑖 = 1, … , 𝑚, 

are for inputs; 𝑥𝑖𝑗 is the value of the ith input for DMUj, 𝑦𝑟𝑗 is the value of the rth output for 

DMUj, 𝑣𝑖𝑝 is the weight of the ith input for DMUp, 𝑢𝑟𝑝 is the weight of the rth output for 

DMUp, 𝑤𝑝 is a free variable that indicates the type of returns-to-scale prevalent at DMUp, 𝑑𝑝𝑝 

is the deviation variable (inefficiency) of DMUp using the best possible set of weights for 

DMUp, and 𝑑𝑝𝑗 is the inefficiency for DMUj using optimal weights for DMUp. When 𝑤𝑝 = 0, 

the model corresponds to the CRS model. 



   
 

4 

 

Using inefficiency scores, i.e. 𝑑𝑝𝑝
∗ , may result in identifying multiple efficient DMUs, making 

a full ranking of the DMUs impossible. In order to address this problem, Ghasemi et al. (2019) 

proposed to solve Model (1) for DMUp, and then take ∑ 𝑑𝑝𝑗
∗𝑛

𝑗=1  or 
1

𝑛
 ∑ 𝑑𝑝𝑗

∗𝑛
𝑗=1  as an indicator 

of DMUp’s total or average inefficiency to arrive at a full ranking of all DMUs. Nevertheless, 

Mahdiloo et al. (2021) point out that this ranking approach cannot be used in practice as 

∑ 𝑑𝑝𝑗
∗𝑛

𝑗=1  does not provide an indication of how efficient DMUp is, but rather, it indicates the 

inefficiency of DMUj when the inefficiencies are calculated using optimal weights of DMUp. 

Mahdiloo et al. (2021) addressed this issue by demonstrating how to use deviation variables 

properly in order to construct and utilize a cross-inefficiency matrix and approach. 

Optimal weights derived from Model (1), i.e. 𝑣𝑖𝑝
∗  and 𝑢𝑟𝑝

∗ , and consequently inefficiency 

scores, i.e. 𝑑𝑝𝑗
∗ , may be non-unique, resulting in non-unique cross-inefficiency scores and 

rankings (Mahdiloo et al., 2021). In a similar way to the cross-efficiency approach, a secondary 

goal can be used to select a solution among multiple optima. Using a secondary goal, however, 

does not always result in unique optimal weights (Mahdiloo et al., 2021). 

Ebrahimi et al. (2022) proposed Model (2) in order to derive a unique optimal solution for 

Model (1). They deduce a result, Theorem 2, inferring that Model (2) has a unique optimal 

solution. However, we provide two counterexamples below to demonstrate that Model (2) may 

still have non-unique solutions. Therefore, the conclusion made by Ebrahimi et al. (2022) is 

not true in general.1 

min 𝛿𝑝 = ∑ 𝑑𝑝𝑗
𝑛
𝑗=1,𝑗≠𝑝  

s. t. ∑ 𝑣𝑖𝑝
𝑚
𝑖=1 𝑥𝑖𝑝 = 1,  

 ∑ 𝑢𝑟𝑝
𝑠
𝑟=1 𝑦𝑟𝑝 − ∑ 𝑣𝑖𝑝

𝑚
𝑖=1 𝑥𝑖𝑝 + 𝑑𝑝𝑝

∗ − 𝑤𝑝 = 0,  

 ∑ 𝑢𝑟𝑝
𝑠
𝑟=1 𝑦𝑟𝑗 − ∑ 𝑣𝑖𝑝

𝑚
𝑖=1 𝑥𝑖𝑗 + 𝑑𝑝𝑗 − 𝑤𝑝 = 0, 𝑗 = 1, … , 𝑛, 𝑗 ≠ 𝑝,

 𝑢𝑟𝑝 ≥ ε, 𝑟 = 1, … , 𝑠,

 𝑣𝑖𝑝 ≥ ε, 𝑖 = 1, … , 𝑚,

 𝑑𝑝𝑗 ≥ 0, 𝑗 = 1, … , 𝑛,

 𝑤𝑝 𝑓𝑟𝑒𝑒 𝑖𝑛 𝑠𝑖𝑔𝑛.  

  (2) 

Model (2) applies the same guiding idea of the benevolent cross-efficiency model in Doyle & 

Green (1994) to select a solution among multiple optima. The model minimizes the 

inefficiencies of DMUj, 𝑗 ≠ 𝑝, while preserving the inefficiency of DMUp unchanged. In 

 
1 The weights of inputs and outputs in Model (2), i.e., 𝑣𝑖𝑝 and 𝑢𝑟𝑝, are limited to greater than or equal to ε to avoid 

assigning zero weights to multipliers. The maximum feasible value of ε is calculated using a linear program (for 

more details, see Appendix C in Ebrahimi et al. (2022)). 
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addition to the benevolent model, Doyle & Green (1994) also proposed the aggressive model 

that minimizes the efficiency of DMUj, 𝑗 ≠ 𝑝. Similarly, Ebrahimi et al. (2022) developed an 

aggressive cross-inefficiency approach by maximizing ∑ 𝑑𝑝𝑗
𝑛
𝑗=1,𝑗≠𝑝  in the objective function 

of Model (2). However, here we focus primarily on the benevolent model since the aggressive 

model may have an unbounded solution, as it was also suggested by Ebrahimi et al. (2022). 

3. Illustrative counterexamples 

To illustrate the non-unique optimal solutions of Model (2), we now present two numerical 

counterexamples below. 

Counterexample 1.  We begin by analyzing the dataset in Table 1 which comprises three 

single input (x)-single output (y) DMUs. Figure 1 illustrates the VRS technology set and its 

efficient frontier constructed from these DMUs.  

Table 1. Dataset of numerical Counterexample 1 

DMU X y 

1 1 1 

2 3 4 

3 12 7 

 

 

Figure 1. VRS technology and its efficient frontier 

By applying Model (1), all three DMUs are determined to be (strongly) BCC-efficient, i.e., 

𝑑1
∗ = 𝑑2

∗ = 𝑑3
∗ = 0. The maximum feasible value of 휀 in the VRS model is 0.0833. In Table 2, 

we report two profiles of optimal weights for the benevolent cross-inefficiency Model (2) when 

DMU2 is being evaluated. From Table 2, it can be seen that each profile of optimal weights 

results in different inefficiency scores and thus different rankings of DMUs, i.e., using 𝑣∗ =

0.3333, 𝑢∗ = 1, 𝑤𝑝
∗ = 3, DMU3 is ranked higher than DMU1 while with 𝑣∗ = 0.3333, 𝑢∗ =



   
 

6 

 

0.2222, 𝑤𝑝
∗ = −0.1111, DMU1 is ranked higher than DMU3. This confirms the non-

uniqueness of Model (2)’s optimal solutions and, therefore, disproves Theorem 2 in Ebrahimi 

et al. (2022)'s claiming that Model (2) always has a unique optimal solution. 

Table 2. Multiple optimal solutions for DMU 2 in Counterexample 1 and non-unique inefficiency scores 

(deviation variables). 

Solutions 𝒗∗ 𝒖∗ 𝒘𝒑
∗  𝒅𝟏

∗  𝒅𝟐
∗  𝒅𝟑

∗  ∑ 𝒅𝒑𝒋
∗

𝒏

𝒋=𝟏

 

1 0.3333 1 3 2.3333 0 0 2.3333 

2 0.3333 0.2222 -0.1111 0 0 2.3333 2.3333 

Counterexample 2. Next, we look at the second example with three DMUs, two inputs, and 

two outputs, with the dataset shown in Table 3. 

Table 3. Dataset of Counterexample 2. 

DMU 𝒙𝟏 𝒙𝟐 𝒚𝟏 𝒚𝟐 

1 5 5 9 9 

2 7 6 2 8 

3 6 7 8 2 

Using Model (1) with 𝑤𝑝 = 0, the CRS inefficiency scores for DMUs 1, 2, and 3, are calculated 

as 𝑑1
∗ = 0, 𝑑2

∗ = 𝑑3
∗ = 0.5473. The VRS inefficiency scores are 𝑑1

∗ = 0, 𝑑2
∗ = 𝑑3

∗ = 0.8462. 

The maximum feasible 휀 values in the CRS and VRS models are 0.0427 and 0.0769, 

respectively. Table 4 shows three profiles of optimal weights for DMU1 based on the CRS 

Model (2), and, therefore, three sets of inefficiency scores. As is evident from this table, DMU3 

is ranked higher than DMU2 with reference to the first two profiles of optimal weights, while 

DMU2 is ranked higher than DMU3 with the last profile of weights. 

Table 4. Multiple optimal solutions for DMU1 and non-unique inefficiency scores – CRS case. 

Solutions 𝒗𝟏
∗  𝒗𝟐

∗  𝒖𝟏
∗  𝒖𝟐

∗  𝒅𝟏
∗  𝒅𝟐

∗  𝒅𝟑
∗  ∑ 𝒅𝒑𝒋

∗

𝒏

𝒋=𝟏

 

1 0.1573 0.0427 0.0684 0.0427 0 0.8786 0.6103 1.4889 

2 0.0427 0.1573 0.0684 0.0427 0 0.764103 0.7248 1.4889 

3 0.1573 0.0427 0.0427 0.0684 0 0.7248 0.7641 1.4889 

Similarly, the VRS Model (2)’s results are reported in Table 5, and again conflicting ranking 

results between DMU2 and DMU3 are apparent in this table. 
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Table 5. Multiple optimal solutions for DMU1 and non-unique inefficiency scores – VRS case. 

Solutions 

 

𝒗𝟏
∗  𝒗𝟐

∗  𝒖𝟏
∗  𝒖𝟐

∗  𝒘𝒑
∗  𝒅𝟏

∗  𝒅𝟐
∗  𝒅𝟑

∗  ∑ 𝒅𝒑𝒋
∗

𝒏

𝒋=𝟏

 

1  0.1231 0.0769 0.0769 0.0769 0.3846 0 0.9385 0.8923 1.8308 

2  0.0769 0.1231 0.0769 0.0769 0.3846 0 0.8923 0.9385 1.8308 

Before we continue, it is worth noting that both DMUs 2 and 3’s VRS efficiency scores are 

lower than their CRS scores, which should not occur. This abnormality is due to the different 

epsilon values used in calculating CRS and VRS scores. In this case, it is important to take 

extra precautions when comparing these two scores, for example, when the scale efficiency of 

DMUs is calculated. This is a point that has usually been overlooked in the literature. 

4. Unique versus non-unique optimal solutions: an operational test 

In this section, we suggest an LP-model to check whether Model (2) has a unique optimal 

solution; and if that is not the case, the model generates an alternative optimal solution to Model 

(2). To construct such a test model, there are different approaches in the linear programming 

literature among which we follow the straightforward approach proposed by Appa (2002). 

Their approach is based on the following proposition. 

Proposition (Appa, 2002). To check whether the basic optimal solution2 𝐱∗ is a unique optimal 

solution to the general standard LP problem 

(P)    max   𝐜𝐱 

            s. t.   𝐀𝐱 = 𝐛, 

                      𝐱 ≥ 𝟎,  

solve the following LP problem:  

                                                          (P′)    max   𝐚𝐱 

              s. t.   𝐀𝐱 = 𝐛, 

                       𝐜𝐱 = 𝐜𝐱∗, 

                        𝐱 ≥ 𝟎,  

wherein 𝑎𝑗 = 1 if 𝑗 ∈ 𝐽0: = {𝑗: 𝑥𝑗
∗ = 0} and 𝑎𝑗 = 0 otherwise. Let the optimal solution to P′ be 

denoted by 𝐱′∗. Then, if 𝐚𝐱′∗ = 0, 𝐱∗ = 𝐱′∗ is the unique optimal solution to P, while if 𝐚𝐱′∗ >

 
2 The notion of basic optimal solution is equivalent to extreme optimal solution in linear programming theory and 

is typically generated by a Simplex-based solver; for a more detailed account, see Murty (1983).  
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 0, 𝐱∗ and 𝐱′∗ are two alternative solutions to P. We note that (P′) might be unbounded that 

also indicates the existence of alternative optimal solutions. 

To adopt the operational test P′ to our case, we first transform Model (2) into an equivalent 

standard LP as in the form of P by (i) replacing the unrestricted variable 𝑤𝑝 with the difference 

of two nonnegative variables, i.e., 𝑤𝑝 = 𝑤𝑝
1 − 𝑤𝑝

2, 𝑤𝑝
1 ≥ 0, 𝑤𝑝

2 ≥ 0 and (ii) converting the 

lower bound constraints on weights—viz. 𝑢𝑟𝑝 ≥ ε, 𝑣𝑖𝑝 ≥ 휀, ∀ 𝑖, 𝑟—into equality constraints 

via introducing excess slack variables as 𝑢𝑟𝑝 − 𝑡𝑟𝑝
𝑦

= 휀, 𝑣𝑖𝑝 − 𝑡𝑖𝑝
𝑥 = 휀, 𝑡𝑟𝑝

𝑦
≥ 0, 𝑡𝑖𝑝

𝑥 ≥ 0,

∀ 𝑖, 𝑟. Next, suppose that (𝑢𝑝
∗ , 𝑣𝑝

∗, 𝑑𝑝
∗ , 𝑡𝑝

𝑥∗, 𝑡𝑝
𝑦∗

, 𝑤𝑝
1∗, 𝑤𝑝

2∗) is a basic optimal solution to the 

standard form of Model (2). Following Proposition 1, we constitute the objective vector of P′ 

as 𝐚p = (𝐚𝑝
u, 𝐚𝑝

v , 𝐚𝑝
d, 𝐚𝑝

𝑡𝑥, 𝐚𝑝
𝑡𝑦

, 𝑎𝑝
𝑤1, 𝑎p

𝑤2) in which 𝑎ℎ𝑝
⋄ = 1 (⋄∈ {𝑢, 𝑣, 𝑑, 𝑡𝑥, 𝑡𝑦, 𝑤1, 𝑤2}) if the 

value of its corresponding variable in the optimal solution (𝑢𝑝
∗ , 𝑣𝑝

∗, 𝑑𝑝
∗ , 𝑡𝑝

𝑥∗, 𝑡𝑝
𝑦∗

, 𝑤𝑝
1∗, 𝑤𝑝

2∗) is 

zero, and 𝑎𝑝𝑗
⋄ = 0 otherwise, e.g., 𝑎𝑟𝑝

𝑢 = 1 if 𝑢𝑟𝑝
∗ = 0 and 𝑎𝑟𝑝

𝑢 = 0 if 𝑢𝑟𝑝
∗ > 0. Then, we solve 

the following LP problem as our operational test for optimality uniqueness of Model (2): 

max 𝛺𝑝 = 𝒂𝑝
𝑢𝒖𝑝+𝒂𝑝

𝑣 𝒗𝑝 + 𝒂𝑝
𝑑𝒅𝑝 + 𝒂𝑝

𝑡𝑥𝒕𝑝
𝑥 + 𝒂𝑝

𝑡𝑦𝒕𝑝
𝑦 + 𝑎𝑝

𝑤1𝑤𝑝
1 + 𝑎𝑝

𝑤2𝑤𝑝
2  

𝑠. 𝑡. ∑ 𝑣𝑖𝑝
𝑚
𝑖=1 𝑥𝑖𝑝 = 1,  

 ∑ 𝑢𝑟𝑝
𝑠
𝑟=1 𝑦𝑟𝑝 − ∑ 𝑣𝑖𝑝

𝑚
𝑖=1 𝑥𝑖𝑝 + 𝑑𝑝𝑝

∗ − (𝑤𝑝
1 − 𝑤𝑝

2) = 0,  

 ∑ 𝑢𝑟𝑝
𝑠
𝑟=1 𝑦𝑟𝑗 − ∑ 𝑣𝑖𝑝

𝑚
𝑖=1 𝑥𝑖𝑗 + 𝑑𝑝𝑗 − (𝑤𝑝

1 − 𝑤𝑝
2) = 0, 𝑗 = 1, … , 𝑛, 𝑗 ≠ 𝑝,

 𝑢𝑟𝑝 − 𝑡𝑟𝑝 
𝑦 = 휀, 𝑟 = 1, … , 𝑠,

 𝑣𝑖𝑝 − 𝑡𝑖𝑝 
𝑥 = 휀, 𝑖 = 1, … , 𝑚,

 ∑ 𝑑𝑝𝑗
𝑛
𝑗=1,𝑗≠𝑝 = 𝛿𝑝

∗,  

 𝑑𝑝𝑗 , 𝑡𝑖𝑝 
𝑥 , 𝑡𝑟𝑝 

𝑦 ≥ 0, ∀𝑖, 𝑗, 𝑟,

 𝑤𝑝
1, 𝑤𝑝

2 ≥ 0  

  
(3

) 

where 𝛿𝑝
∗ is the optimal objective of Model (2) when DMUp is being evaluated. For the sake of 

more clarification, the objective function of Model (3), Ω𝑝, can be explicitly expressed as 

Ω𝑝 = ∑ 𝑢𝑟𝑝𝑢𝑟𝑝
∗ =0 + ∑ 𝑣𝑖𝑝 + ∑ 𝑑𝑝𝑗𝑑𝑝𝑗

∗ =0𝑣𝑖𝑝
∗ =0 + ∑ 𝑡𝑖𝑝 

𝑥
𝑡𝑖𝑝

𝑥∗=0 + ∑ 𝑡𝑟𝑝 
𝑦

+𝑡𝑟𝑝
𝑦∗

=0 ∑ 𝑤𝑝
ℎ

𝑤𝑝
ℎ∗=0   

i.e., it is the sum of all variables that take zero value in the given basic optimal solution 

(𝑢𝑝
∗ , 𝑣𝑝

∗, 𝑑𝑝
∗ , 𝑡𝑝

𝑥∗, 𝑡𝑝
𝑦∗

, 𝑤𝑝
1∗, 𝑤𝑝

2∗). Based on Proposition 1, we now conclude the following 

corollary: 

Corollary 1. Model (2) has a unique optimal solution if and only if the optimal objective of 

Model (3) is zero, i.e., Ω𝑝
∗  = 0. On the contrary, if Ω𝑝

∗ > 0 (which covers the unbounded case 

of P′), then Model (3) generates an alternative solution to Model (2). 
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As an illustration, we tested our proposed Model (3) for DMU2 in Counterexample 1. The 

optimal solutions reported in Table 2 are obtained using LINDO’s What'sBest! solver available 

as an Excel add-in. Alternatively, the CPLEX LP-solver of GAMS generates Solution 2 as an 

optimal solution for the standard form of Model (2) and by solving Model (3) based on this 

solution, Solution 1 is yielded as an alternative optimal solution with the positive objective 

value of Ω𝑝
∗  = 5.3333. 

Given that the occurrence of multiple optimal solutions plays a crucial role in the ranking 

results provided by a cross-efficiency/inefficiency evaluation, the operational test suggested in 

this section can be regarded a useful robustness checking tool; our suggested model can be 

easily modified and used in the existing DEA cross-efficiency procedures. 

5. Avoiding negative efficiency scores 

Here we discuss how the negative efficiency scores in the VRS cross-inefficiency approach 

can be avoided simply by normalizing the inefficiency scores. In the cross-inefficiency matrix, 

deviation variables can take any non-negative values and are not normalized, whereas the 

cross-efficiency method limits cross-efficiency scores to be between 0 and 1, which makes 

them somewhat normalized (Mahdiloo et al., 2021). After optimisation, one may use optimal 

values to normalize the deviation variables, as also Mahdiloo et al. (2021) suggested. We, 

therefore, suggest formula (4) to normalize the deviation variables in the VRS model. 

�̂�𝑝𝑗 =
𝑑𝑝𝑗

∗

∑ 𝑣𝑖𝑝
∗ 𝑥𝑖𝑗 + 𝑤𝑝

∗𝑚
𝑖=1

 (4) 

Then we have 0 ≤ �̂�𝑝𝑗 ≤ 1 as required. Noting that  

�̂�𝑝𝑗 =
𝑑𝑝𝑗

∗

∑ 𝑣𝑖𝑝
∗ 𝑥𝑖𝑗+𝑤𝑝

∗𝑚
𝑖=1

= 1 −
∑ 𝑢𝑟𝑝

∗ 𝑦𝑟𝑗
𝑠
𝑟=1

∑ 𝑣𝑖𝑝
∗ 𝑥𝑖𝑗+𝑤𝑝

∗𝑚
𝑖=1

, �̂�𝑝𝑗 is just a conventional VRS cross-inefficiency 

score of DMUj with the optimal solution when DMUp is being evaluated. 
∑ 𝑢𝑟𝑝

∗ 𝑦𝑟𝑗
𝑠
𝑟=1

∑ 𝑣𝑖𝑝
∗ 𝑥𝑖𝑗+𝑤𝑝

∗𝑚
𝑖=1

 is the 

VRS efficiency ratio suggested by Lim and Zhu (2015) for the VRS cross-evaluation of DMUs. 

VRS cross-efficiency scores of all DMUs are guaranteed to be between zero and unity with 

this measure since ∑ 𝑣𝑖𝑝
∗ 𝑥𝑖𝑗 + 𝑤𝑝

∗𝑚
𝑖=1 ≥ ∑ 𝑢𝑟𝑝

∗ 𝑦𝑟𝑗
𝑠
𝑟=1 > 0 (Lim & Zhu, 2015). 

It is important to note that, if efficiency scores are calculated using deviation variables, i.e. 

1 − 𝑑𝑝𝑗
∗ , then the negative efficiency scores are not specific to the VRS alone, and the CRS 

model may also contain negative efficiency scores. To avoid the negative scores in the CRS 
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model, one can simply use 
∑ 𝑢𝑟𝑝

∗ 𝑦𝑟𝑗
𝑠
𝑟=1

∑ 𝑣𝑖𝑝
∗ 𝑥𝑖𝑗

𝑚
𝑖=1

 rather than 1 − 𝑑𝑝𝑗
∗ . Otherwise, similar to the VRS case, 

the deviation variables can be normalized by formula (5).  

�̅�𝑝𝑗 =
𝑑𝑝𝑗

∗

∑ 𝑣𝑖𝑝
∗ 𝑥𝑖𝑗

𝑚
𝑖=1

 (5) 

Then we have 0 ≤ �̅�𝑝𝑗 ≤ 1 as required. However, note that �̅�𝑝𝑗 =
𝑑𝑝𝑗

∗

∑ 𝑣𝑖𝑝
∗ 𝑥𝑖𝑗

𝑚
𝑖=1

= 1 −
∑ 𝑢𝑟𝑝

∗ 𝑦𝑟𝑗
𝑠
𝑟=1

∑ 𝑣𝑖𝑝
∗ 𝑥𝑖𝑗

𝑚
𝑖=1

. 

Therefore, �̅�𝑝𝑗 is just a conventional CRS cross-inefficiency of DMUj evaluated by DMUo.  

6. Concluding remarks 

By providing two numerical counterexamples, we demonstrated that the secondary goals in the 

cross-inefficiency approach, namely aggressive and benevolent models, may still result in 

multiple optimal solutions. This is in contrast to what Ebrahimi et al. (2022) formally stated as 

Theorem 2 in their paper. A significant implication of this finding is to alert the occurrence of 

such multiple optimal solutions that can affect the robustness of ranking results. This possibility 

led us to the development of an LP-based operational test to verify whether cross-inefficiency 

scores and rankings are unique. The developed LP model can be used as a useful practical tool 

to check robustness in the DEA cross-efficiency/inefficiency approach. Lastly, we highlighted 

the issue of negative VRS cross-inefficiency scores and suggested a straightforward 

normalization scheme to eliminate negative scores. 
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